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I. Introduction and Summary

In this paper a computational approach is employed to examine
several issues that may provide an explanation for some of the nonsuppor-
tive results found in recent empirical studies of the (mean variance) cap-
ital asset pricing model ((MV)CAPM). When the limited liability of finan-
cial assets is recognized the derivation of the (MV)CAPM cannot be based
on the assumption of a joint normal probability‘distribution of security
returns. In this case, if all investors are rational in the wvon Neumann-
Morgenstern sense, the mean variance assumptions imply that all investors
have quadratic tastes, which in turn implies that risky assets are inferior
goods. However oﬁher simple two mutual fund CAPMs, consistent with
discrete—time multiperiod decision making and in which risky assets are
normal goods, can be derived from the power linear risk tolerance (LRT}
utility functions, where the power is less than one and all individuals
exhibit either constant or decreasing proportional risk aversion.

Given the less than full-fledged empirical support for some of the
positive implications of the (MV)CAPM and the desirability of having a
theory of capital asset pricing where risky assets are normal goods, we
pose two closely related questions. First, what does the plot of points
in expected return-beta space look like for different_LRI economles and
specific ex aite return distributions, in particular some constructed from
real-world ex post realizations? This question (and the second) is posed

on a theoretical level and attacked by numerical means. As a handy frame



of reference the reader may wish to view the analysis as a sequel to Sharpe
(1970), chapter 5. In-chapter 5, Sharpe analytically derives the linear
expected return-beta tradeoff-for the (MV)CAPM while in this paper we employ
numerical means to determine the pattern of the expected return~beta plots
for the broader class of power utility LRT CAPMs. Tmplicit in the question
is whether the expected return-beta plots for hypotheticgl power LRT econo-
mies more closely resemble the plots found in the empirical studies of the
MV CAPM than the straight-line relationship predicted'by the MV model.
Sécond, as beta is no longer the sole measure of risk in a power LRT model
and a preference for positive skewness can be shown for investors with
power tastes, can we better ;xplain the structure of security prices in a
power LRT economy with & three-parameter model (which includes a systematic
skewness as well as a systematic covariance parameter)?

The paper is divided into four sections. In section II the major
findings of the empirical tests of the (MV)CAPM are reviewéd together with
possible reasons that have been offered to explain the discrepancy between
the theoretical predictions and the empiricai findings. We focus om a
suggestion by Hakansson (1974) who notes thaf because of the nature of in-
vestor tastes which must be assumed in order to derive the (MV)&APM ve
might turn to a differen; CAPM based on more realistic investor tastes.

In section IIT the two-date power utility LRT models are formulated
in a way that allows us to address the questions pertaining to the shape of

the expected return-beta plot and the possibility of a three—parameter

model providing a more accurate positive theory of security pricing. 1In
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addition, a nuﬁbeé of LRT valuation equations are reviewed as they provide
a basis for part of the amalysis and the interpretation of some of the
results of this study.
In the fourth section the two questions are examined. We found

_that for a highly skewed two risky security example and various poﬁer util- -
ity economles the slope of the estimated security'market line (SML) was
negative. With er post realizations as estimates of the exr ante return
distribution the plots for the power utility LRT economies displayed the
basic patterns found in the empirical studies--on average the plots were
flatter than predicted by the (MV)CAPM but on occasion were too steep.
Thus, the power utility LRT CAPMs may offer a more consistent explanation
of the pricing of risky securities than does the explanation offered by the
(MV)CAPM. Turning ro the second question as to whether a three-parameter
model may provide a more accurate description of sedurity pricing in power
LRT economies and abstracting from special cases we found that, in the
majority of cases examined, the two-parameter model predicted the actual

expected returns better than the three-parameter model.

II. Review of the Empirical Evidence

The disparity between theoretical predictions and empirical evi-
dence, 1In the decade since the inception of the (MV)CAPM a number of
empirical studies have been undertaken to test the positive implications
of the theory. Recent empirical evidence has not given full-fledged sup-

port to the (MV)CAPM's explanation of the determination of risk premiums



on risky securities. Instead of finding that portfolios were plotting on

an upward-sloping SML

(1) E(rj) =1r + [E(rM) - r]Bj

as predicted by the (MV)CAPM, a number of studies have reported that, on
the average, low beta portfolios are earning higher average returns and
high beta portfolios lower average returns than the mean variance theory
predicts. 1In addition empirical estimates of the SML have shown that, at
least in the period since 1940, on average the intercept is systematicélly
greater than the riskfree rate. Even worse in some subperiods the slope
of the SML has actually been found to be negative.l

Possible explanations. Several attempts have been made to explain
these results. Friend and Blume (1970) put forth several tenable reasons
for the observed biases, which include the inability of investors teo borrow
large amounts of money at the same riskfree rate at which they can lend,
and deficiencies in the return-generating models which are required to
translate ex ante expected returns and “"risks'" into ex post realizations.
Black, Jensen, and Scholes (1972) noting that the estimated intercePE of
the SML has on average been systematically above the riskfree rate, sug-
gested that a two-factor (consisting of a market factor and a zero beta
factor) model is generating security returns. Blume and Friend (1973)
suggest that the assumption of a perfectly functioning short-sales mecha-
nism required for the Black-Jensen-Scholes argument.to hold may be an even

more tenuous assumption than the assumption that investors can borrow or



lend unlimited amounts atla riskless rate of interest. They again consider
the possibility of the inadequacies of the return-generating mechanism
without reaching a definite conclusion and propose that the major diffi-
culty may be a partially documented, but rationally inexplicable, segmenta-
tion of the markets for bonds and common stocks. On the other hand, Chen
and Boness (1974) have suggested that the results hay be caused by stating
investor expectations of returns in nominal terms while completely ignoring
uncertain inflation.

An alternative erplanation. 1In this paper a different possibiliry
is explored. Because of the nature of investor tastes that must be assumed
in order to derive the (MV)CAPM it has been suggested that we might turn
to a different CAPM based on more realistic investor tastes. As noted by
Hakansson (1974) in the‘pfesence of limited liability2 the (MV)CAPM is
consistent with the expected utility theorem only if all investor prefer-

ences are quadratic, i.e., investor i's utility function is of the form:
(2) u, () = bu-w? v - (a,-w)>
i i i ’

where a; is large.
If one makes the usual assumptions of homogeneous probability be-

1iefs and unlimited borrowing and lending at the riskfree rate, other

CAPMs can be derived for the considerably broader class of linear risk

tolerance utility functions for which the separation property holds,

namely,



(3) u (@) = 1/y(e+ a), Y < 1;
(4) ui(w) = = (ai-w)Y, Yy >1 and a; large;
(5) ui(w) = —exp (aiw'), ay < 0;

where the parameters a; are allowed teo vary among investora to reflect
differing degrees of risk aversion, but a common <+ value must be shared
by all investors.3 -

A CAPM based on any of the polynominal families of utility func-
tions in equation (4) (where a family corresponds to a given <y value)
will jmply that risky assets are inferior goods, while a model based on
any of the power familiés of utility functions contained in equation {(3)
will imply that risky assets are normal goods. Thus, a CAPM based on any
of the power families in equation (3) would seem to be the more likely
model. The complicating factor is: which family, or risk tolerance
parameter <y, provides the "ecorrect or best" model?

Because of the separation property exhibited by the LRT utility
functions a linear (although not necessarily mean variance efficient) rela-
tionship continues to hold in expected return~standard deviation space for
all the LRT CAPMs but the linear relationship in expected return-beta space
holds only when all investors have quadratic tastes.4 Thus, for any of the
other utility functions in the LRT class the plot in expected return-beta
space produces a scatter which may contain negative or flat "relationships"
such as have been found in the empirical studies cited earlier. This ob-

servation leads to the two questions pesed in the introduction.



I1II. The Two-date Market Equilibrium Models
In this section two key idéas are developed that play an important
role in the analysis that follows. TFirst, the market equilibrium condi-
tions are developed for the power utility LRT CAPMs and it .is shown that
the relative values of securities in the market portfolic can be found
from a simple transformation of the solutions to jﬁst one expected utility
problem. Second, a number of LRT valuation equatlons are reviewed that

will aid in understanding and interpreting the results of this study.

A. The Market Equilibrium Conditions for Power Utility LRT CAPMs

For simplicit§ we focus on a two-date wealth accumulation model.5

The following notation is employed:

zi the dollar amount lent by individual i,i =1,...,I, at date 0,
where negative values indicate borrowing.
z; the dollar amount invested by individual i in securicy
j,j = 2,...,J, at date 0, where negative values indicate short
. sales.
i v i
w. = )z, + 2z, the wealth of individual i at date 0.
0 3 1
j=2
rje one plus the rate of return on risky security j 1f state of

nature e OCCurs.

r one plus the rate of return on the riskless security.

, . J .
z% . +z.1 or z zl(r, -r) + wir , the wealth of
k| j= je 0

ol
[N
Il
i 1y

le ,

je 1
i J

2



individual i at date 1 1f state of nature (event) e occurs,

T the assumed homogeneously held probability belief that state of

nature e will occur. : B
SjO the aggregate present value of security j.

Sjle‘ the aggregate future value for security j i1f state of nature

g occurs.

ui(-) utilicy of wealth function of individual 1.

Each individual chooses the dollar amounts to invest in the risky

securities by maximizing his expected utility of future wealth

' 5:' 1( _ )+- i
max T[e Lli j=2zj rje T WOI -

i, e
z
[j}
Consider the power utility functions in equation (3) and note that wé and

a, are nonrandom. This means that they can be moved outside the expecta-

tion operator to yield a pnew maximization problem equivalent to

J
1 Y
(6) max )W~ v.(r, -1) + r) , Y <1,
{vj] z ey (jZZ 3 3e
zi
where v = — 4 ;
3 a



which holds for all investors in the economy.6 The optimal investment

policies are determined by the set of equations:

: % * a
7 z:jL =vj(wé+—§'-) 1=1,...,1,
j=2,...,7,4
J
i* 1 S |
= - —_— x =
and zy ¥y (wb + 5 ) jZZ Vj i=1,...,T,

while the market clearing conditions

% (1 3y
(8) vk 5 |w +—)=s. $=2,...,3,
ig 0 r j0
e E ()
W, - W, + — vd =8 .,
gm0 0 g1V 0 T/g5n 3 10

close out the model.

In general the relative values of the risky securities will depend
on the risk tolerance parameter <y and the individual parameters, the
ai's. But by writing the individual &ecision problem in terms of the [vj}
the relative values of the risky securities in different LRT economies may

be calculated by solving (6) for the {vj} and then forming the set of

Vi

ratios,7 the 3y - Further, these ratios may be calculated without
Y v
=2

knowledge of the distribution of initial wealth [wé}, or individueal taste
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parameter {ai}, or even the number of investors in the economy. And once
these relative market values of the risky securities are known we may ad-
dress the questions posed earlier.

B. The LRT Valuation Equations

Rubinstein (1974) has shown that whenever a composite individual
can be constructed then in equilibrium a number of valuation equations ob-

tain. The general LRT wvaluation equation 1is

(9) E(rj) =r + AK(rj,-u'(wl))c(rj) for all j

__Std[u'(wl)]

where A:-—E[—j;—(‘-{)]—>0,

and k(+) indicates the correlation coefficient while Std(+) indicates
gtandard deviation. Alternatively, this result can be stated in multi-
parameter form

w

(@ 10)] E(rj) =t + nzz Anon(rj, rm) for all

where M is the market portfolio of all securities -

_u(n)(w )n-l

0

A Z DR Y

for all n > 2

(n)

u'™  is the nfM derivative of u evaluated at, E(wl),

Yo is wealth after consumption and

cn(rj, rM) = E[(rj-E(rj))(rM-E(rM))n_l] for all J and n.
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Clearlyr(g) and (10) provide a general statement of valuation for
the LRT economies but (9) is stated in terms of unobservable variables and
(10) leaves us with little idea of the importance of higher-order'moments
in explaining expected returns. WNor, more basically, is it apparent what
economic meaning attaches to fourth- and highér—order moments. Thus, as
a preference for positive skewness can be shown fof those with power util-
ity functions Kraus and Litzenberger (1972) have argued that we might
better produce a positive theory of security pricing by assuming investor
preferences are defined over the first three moments exclusively. The

S 8
three—parameter valuation equation is given by

(1) E(rj) =1 + lej + lzej for all j

where

Cov(r,, rM)

w
|

is the systematic covariance of security j;

i T Var(zy

Cov(r,, r,)  E((r,-E(r,))(r,~E(r,))?)
B = I W i k| M M.
j Skewness (rH) Skewness (rM)

E(rM) -
Al = —5 is the market price of beta reduction;

Z
E(rz) -r
kz = E(rH) -1 - —_— "is the market price of sys-
Bz

tematic skewmess;

E(rz) the expected return on the zero 6 portfolio;
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and

Bz = the B of the zero 6§ portfolio.

These valuation equations are extensively employed in conducting and in-

terpreting the analysils that follows.

IV. An Examination of the Expected Return-beta Relationship and the Three-
parameter Model

A. A Three-security Example9

Suppose that we have a series of LRT economieé where individuals
share homogeneous beliefs that the joint equilibrium distribution of secu-
rity returns is as presented in table 1. Optimal solution values {v;, v;}
for the expected utility problem investors are assumed to solve are pre-
sented in table 2. Becéuse the two risky securities are the only risky

securities in the economy and all investors mix their portfolio of risky

assets in the same proportions the market portfolio will be composed of a

weighted average, i.e., {vgljiz vg, v%/.iz vg}, of these two securities.
And as we would expect, the final two colums of table 2 show that the rela-
tive composition of the market portfolio changes for different economies.
Knowing the relative composition of the market portfolio allows us to cal-
culate the joint distribution of the returns on the two risky ;ecurities
and the market portfolio, and hence we can calculate the actual moments of

the market portfolic and the actual expected returns, systematic skewness

of the two securities im each economy.lo



TABLE 1

THE RETURN DISTRIBUTION

State
Security Return 1 2 3
1 T 1.05 1.05 1,05
2 r, 1.50 0.00 1.50
e
3 T 1.00 1.00° 2.50
3e
Probability “e .80 110 .10
E(rz) = 1.35 Var(rz) = ,2025 Skew(rz) = -2.667
E(r3) =1.15 Var(r3) = .2025 Skew(r3) = +2.667
Cov(rz, r3) = ,0225
TABLE 2

SOLUTION VALUES AND THE COMPOSITION OF THE OPTIMAL PORTFOLIO

Power of Composition of
Utility Solutlon Values Optimal
Function Portfolio
v v % v 2 E
Y 2 3 LA 3 3
Y v, ¥ v,
3=2 7 j=2
2.0 - - - .813 187
.5 .811 1.689 2.500 .324 .676
.25 .693 1.808 2.501 .277 .723
.1 .640 1.4%0 2.130 .300 .700
.033 .62 1.32 1.94 .320 .680
0. .607 1.26 1.867 .325 .675
- .1 .58 1.08 1.66 .349 .651
-1.0 .38 .46 . .84 452 .548
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The ezpected return-beta plot. For any of the eight LRT economies
considered here we ca£ plot four points in expected return-beta space-—
those of the riskfree securitj, the two risky securitiles, and the market
portfelio of risky securities. These actual expected return-beta points
are shown in the following figures as dots. Figure 1 presents the plot
for quadratic utility; and as expected the securities plot exactly on an
upward sloping SML. |

Figure 2 contains the plot for the logarithmic¢ utility economy.ll
There are two ways of viewing the diagram. First, we can fit a least
squares regression through the .plot of risky securities and determine
whether the risky securities.lie cn a positively sloping line that passes
through the riskless return. Notice that the risky assets fall exactly on
this 1ine.12 However, the glope is negative, and the intercept far above
the riskless return. The result should not be overly surprising as the
LRT valuation equations (1), (9), (10), and (il) showed thét B 1is only

the correct measure of risk if Investor tastes are quadratic. At the same
time, it should cause some concern to those who, in a less formal manner,
have argued that one if not the key result of the theory is the formal
Justification of a positive expected return-risk tradeoff for risk—avefse
investors. As this example clearly shows for a whole seriles of risk-averse
investors, there can be a negative exr gnte equilibrium expected return-risk
(as measured by @) tradeoff for risky securities. We also might note
that this negative relationship 1s consistent with some of the plots found
in the empirical studies cited earlier. Second, we can draw a line through

the two polnts determined by the riskless asset and the market portfolio
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and determine where the risky securities lie relative to this relation
(which incidently corresponds to the SML). Here we notice, again consis—
tent with the empirical evidence, that the low (high) security earas a
higher (lower) expected return than predicted by the (MV)CAPM.

A three-parameter model as the determinant of the structure of
security prices. To review briefly, Kraus and Litzenberger assume investor
preferences are defined only over the first three moments, derive a three-
parameter valuation equation, and attempt to test it empirically as a posi-
tive fheory of security pricing. We take a different tack and ask: given
speclfic return distributions and hypothetical power utility LRT economies,
where all investors act exactly as the theory postulates, does a three-
parameter rather than a two-parameter model appreciably better explain the
structure of security prices? And more specifically, in light of the
multiparameter valuation equation (10), is a three-parameter model suffi-
cient at some level of approximation to explain the structure of security
prices? 1In this two-risky-security example the answer to both questions
is in the affirmative. Predicted expecfed returas can be calculated fer
the two- and three-parameter models by first calculating betas, systematic
skewvmesses and thelr respective prices for the two risky securities in the
various economies and then plugging these values into the respective valu-
ation equations (1) and (11). For the two-parameter, or beta, model the
expected return predictions can be read directly from the SML in the fig-
ures, i.e., for a given value of B read up to the SML to find the pre—

dicted expected return. For the three—parameter, or skewness, model the
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predicted expected return i1s shown on the dlagrams by a cross. Both pre-
dictions can be compared to the actual expected return depicted by a dot.
As a means of facilitating ; comparison of the predictive ability of the
two models in more complicated examples we have calculated the ratio of
the squared error in the prediction of expected returns by the skewmess
model to the squared error in the prediction of expected returns by the
beta model. A ratio of zero indicates that the skewness model is essen-
tially correct, while ratios greater than one indicate that the beta model
is predicting expected returns more accurately. Figure 2 shows that the
two—parameter model predicts (explains) the actual expected returns very
poorly for logarithmic tastes while the three-parameter model predicts the
actual expected returns exactly.

B. Examples Based on Ex Ante Return Distributions Estimated From Ex Post
Data

Estimating the return distributions and calculaténg the optimal
portfolio holdings. The joint return distributions were estimated in dis-
crete nonparametric form. Essentially they are joint frequency distribu-
tions. Thus, if a distribution was constructed frem E observatious on
a vector of J-1 risky securities (portfolios) each of the é observa-
tions on the J-1 component vector of security returns was assigned a
probability estimate of occurrence of 1/E.

A given return distribution together with the return on a riskless
asset was taken to be an estimate of investor beliefs. The weights in the

market portfolio, or alternatively the proportions in which Investors held
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the risky securities, were then computed by forming the set of ratios

where the {vg} are the solutions to equation (6) derived by

numerical means.

The data. A primary concern in constructing the return distribu-
tions from ex post data is that it can be argued tﬁat these distributions
may in some sense approximate real world ex anie beliefs. To provide ro-
bustness of this sort we varled the assumed length of the holding period,
the time interval over which returns were measured and the method of group-
ing securities into pdrtfolios.

The common stock data consisting of annual, quarterly, and monthly
returns and annual market values were obtained from the CRSP and Compustat
data bases. The sample period was constrained by the availlability of mar-
ket value data. As a result returns were measured over the 1946-71 period
and market values from 1953 to 1971. The universe of stocks for which data
were continuously available (ranging from 295 to 362 companies) were divided
into five portfolios based om a beta ranking.

The annual return data from portfolios of bonds and stocks were
taken from studies by Fisher and Weil (1971) and Fisher and Lorie (1968},
respectively, and covered the period 1926 to 1965. The returns from trea-
sury securities were taken to be the riskless rate of interest.l4

As stated, a primary purpose cof the paper is to determine the
shape of the expected return-beta plot for power utility LRT economies.

On one level the enquiry as to the shape is from a purely theoretic
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perspective. However, from a slightly different point of view, we might
wish to know-if the p;wer utility plots are more consistent with the plots
found in the empirical stuﬂieé than the straight-line trade off predicted
by the (MV)CAPM. To gain insight into the question we present a subset of
the plots actually analyzed. There are three basic types of plots. The
power plots are constructed for square root, logarithmic, and the more risk
averse -5 power utilityheconomies. For comparative purposes two other
types of plots are presented. First, are plots for a quadratic utility or
MV economy, where the SML always obtains. And second, more in the spirit
of comparison with the empirical studies, plots are presented where the
market portfolio is taken é; be the weighted average of the actual market
values of the portfolioé analyzed (whether or not these actual market value
weights matched any expected utility predicted weights).

As a final observation on the general nature of the plots note that
data depicting shifts in the return distribution and the wéights used in
calculating the market portfolio are shown in the top cormer of the figures
and .that some of the calculated expected utility welights are negative.
Securities with negative weights are "over priced" as everyone in the econ-
omy would wish to sell them short. Thus, we do not have an equilibrium
solution for the specified tastes and beliefs. MNonetheless, 1t 1is still
interesting to ask what the plots look like. After all, in the empirical
studiés the surrogate used for the market portfolio, whether it be Fisher's,
the Standard and Poor's, or the Dow Jones Index, is not necessarily a posi-
tive weighted average of the securities used in the study. However positive

weights are certainly a desirable feature. Therefore, a number of examples,
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where negative weights were calculated using a raw return distribution,
were resolved with the means of the distribution shiftea o as to obtain
positive portfolio weights; {Actually the returns in each state of nature
wvere shifted by a stated amount. This method of shifting the return dis-
tribution has the effect of shifting the means while leaving the covariance
structure unaffected.)

Observations, With respect to the expected return-beta relation-
ship the following polnts stand out. For quadratic economies the plot is
exactly linear whether or not the calculated portfolio weights are all
positive. For the power_utility LRT economies the scatter of points ap-
pears to be fairly linear and generally becomes wmore so when the portfolio
weights are positivél But consistent with the empirical evidence the
slope of the regression line is on average too flat and the intercept
greater than the riskless return while on occasion just the opposite re-
sult occurs.15 There is only one instance of a negatively sloping rela-
tionship. This result occurred when the market portfolio was calculated
from actual market value welghts and incidentally provided the only in-
stance where the slope of the regression equation was not statistically
significant.

Turning to the predictions of expected returns by the beta and
skewness models note first that the skewness predictions were perfect for
the bond steck portfolios. ‘However, for the five stock portfolio cases
the predictions of the skewness model become very erratic. In some In-

stances the predictions are accurate but on other occasions they are
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extremely inaccurate compared to the beta model. While the complete re-
sults are not reported in the paper, the skewness model predicted expected
Teturns better than the beta model in only eight of twenty-two cases exam-

ined and in only seven of seventeen cases for the power utility mndels.l6

C. Conclusions

The expected return-beta plots. Overall, the calculated expected
return-beta plots for the power utility LRT economies display the same
type of patterns as the empirical studies found--on averaée low (high} B
securities are plotting above (below) the security market line predicted
by the (MV)CAPM. Or alternatively stated, on average the slope of a regres-
sion line fitted through the plots was flatter than predicted by the (MV)
CAPM. Therefore, it appears that a power utility LRT CAPM may offer a
more consistent explanation of capital asset pricing than does the expla-
nation offered by the (MV)CAPM.17
A three-parameter model as the determinant of the estructure of
security prices. From (l1) it is apparent that for nonspecial cases we
would have to know all the joint moments of the individual security returns
with the market return as well as the prices of the joint moments in order
to accurately predict expected returns. From an abstract theoretical point
of view this is a most important result, but from an operational point of
view, we desire simpler valuation equations. As the simplest (MV)CAPM
valuation equation has been found to be somewhaé deficient in explaining

expected returns, the question becomes: Can we more accurately predict

(explain) expected returng with a three- rather than a two-parameter medel?
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We found that for an economy where there are only two risky secu-
rities the three-parameter model predicts (explains) expected returns ex-
actly, whether the two-parameter model predicts them very well or very

poorly. However, this turns out to be a special case. The reason becomes

apparent when we substitute into equation (11)

E{r,) =r + llﬂz + A

2) 272

E{r

3) =r + AlBB + l283.

Here we have a system of two equations in two unknowns ll and kz which
has a unique solution Bec;use the two underlying risky securities were
linearly independent. The result clearly generalizes so that any time we
have an n risky security world, an n + l-parameter model can explain
the structure of security prices (assuming, of course, that n + 1 param-
eters exist).

Moving away from these special cases, we found the results turned
mixed-—-sometimes the three-parameter model predicted {explained) expected
returns appreclably better than the two-parameter model, but in the majority
of cases examined the reverge held. This result might seem surprising at
first in that (i) we might expect that adding a third parameter to a two-
parameter valuation equation would lead either to an equally as good or an
improved explanation of expected returns,l8 (i1) ceteris paribus a prefer-

ence for positive skewness can be shown for power tastes, and (iii) Kraus

and Litzenberger have presented empirical evidence that is consistent with
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a three-parameter valuation model as a positive theory of securit—é{ pricing.
However, one way to see how the explanation of expected returns can ac-
tually become worse with a three-parameter model is to note that when we
add the coskewness parameter we have not simply added an extra term to the
two-parameter model but have also changed the price of beta as is evidenced
by a comparison of the two valuation equations (1) and (11). A second ex-
planation is that while more than beta is needed ta explaln expected re-
turns on average the addition of a systematic skewness parameter more than
offsets the effect of the higher order of moments. Finally, a third expla-
nation may be tied to the fact that a three-parameter model based on a
restriction 5f invesﬁor tastes is theoretically correct only if all inves-
tors have LRT cubic utility.19 Thus equation (1) holds exactly if ¥y = 2
but in moving to (11) to approximate any of the power LBI economies, where
Y < 1, we have in fact exactly described an LRT economy where Yy = 3.

In sum then within a single period framework the power utility LRT
CAPMs produce an essentially linear expected return-beta plot, where low
beta securities, on average, earn a higher return than predicted by the
(MV)CAPM. As the power utility LRT CAPMs, or normal goods models, are
more consistent with the empirical eyidence it is suggested that they may
offer a better explanation of security pricing than the explanation offered
by the (MV)CAPM. Given that the explanation of security pricing offered
by the (MV)CAPM is too simple for power LRT economles it was to be hoped
that a skewness model, the next simplest equation, would offer a better ap-
proximation of the structure of secufity prices. However, in the majority

of the examples examined we found that the beta model proved to be supertior.
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FOOTNOTES

1See Friend and Blume (1970); Black, Jensen, and Scholes in Jemsen, -
ed. (1972); Blume and Friend (1973); and Fama and MacBeth (1973).

2Limited liability effectively rules out the possibility that secu-

rity returns follow a joint multivariate normal probability distribution-—
the alternate assumption used to justify the (MV)CAPM.

3Equation (2) is a special case of equation (4), where <y = 2, and
equation (3) reduces to log(w+-ai) wvhen ¥y = 0. An interesting interpreta-

tion of a; is that it may reflect a subsistence level of income (wealth).

A large negative a, would indicate that individual i is unwilling, be

i
it for physioclogical or psychological reasons, to allow his date 1 wealth
to drop below some subsistence level.

4It is emphasized that we are working with a discrete-time model.
If we assume homogeneous beliefs, continuous-time decision making by inves-
tors, and a stochastic process of the Itd variety, an (MV)CAPM also obtains.
See, for example, Merton (1973).

The SML would also hold in discrete time 1f investors share homo-
geneous, normal probability assessments and have utility functions (at the
winimum) defined on the whole line. However, we have noted that limited
1iability would rule out the possibility of normal probabllity assessments.
In additicn, the empirical evidence indicates that security returns can be
more accurately described by a lognormal distribution. See, for example,
Fama (1965), or Rosenberg and Marathe (1974). 1In light of this evidence
it is mildly surprising to see the stable Paretian or normal probability
defense of the (MV)CAPM.

SAs already mentioned, in this case the power utility functions
should be of primary interest as they imply that risky assets are normal
goods. Parenthetically, we mote that, although a formal discussion of
multiperiod models is beyond the scope of this paper, an examination of
these models reinforces the idea that power tastes are of primary interest.
The LRT CAPMs are consistent with individual discrete-time multiperiod
decision making only if the class of LRT utility functions is restricted
to the power fumctions in (3) where a; £ 0 for all i. This is equiva-

lent to saying that to derive an LRT CAPM we must have an economy populated
by individuals who all exhibit either constant (ai==0) or decreasing

(ai < 0) proportipnal risk aversion where the coefficients of absolute and
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it
relative risk aversion are defined to be respectively R.a = T%?%%l
. | .
and Rp = —E$?é¥l . See, for example, Hakansson (1974) or Grauer (1975).

6The Vj are independent of individual information and hence not

superscripted. To see this solve the T x J-1 first-order conditions to
the individual decision problems and note that {v?} i=1,...,%;

j=1,...,J, are invariant across individuals. (This in fact is one state~
ment of the separation theorem.} Furthermore, Hakansson (1970) has shown
that under a plausible ser of assumptions there 1s a unique optimal solu-
tion to (6). ' ’

7 . . .

From the market clearing conditions it can be easily shown that
this set of ratios corresponds to the relative values of the risky secu-
rities.

8In general, equation (11) is an approximation of the "true" multi-
parameter valuation equation (10). However, the three-parameter valuation
equation (11) will be an "exact" valuation equation In an economy populated
by individuals with linear risk tolerance cubic utllity functions. Like-
wise the general equations reduce to (1) if investors have quadratic util-
ity (or make normal probability assessments). For details see Rublnstein
(1973).

9'I‘he return distribution and the solution values {vg, Vg} were
taken from an example presented in Hakansson (1971).

lOIn any state the return on the market portfolio is simply a
v v
weighted average (where 3 , 33 are the welghts) of the returns

Iv, 1

V.
=21 =2

on the two risky securities in that state.

11The plot will be similar for the six other power utility economies.

lectually they have to in this two risky security case as the mar-—
ket portfolio 1s a weighted average of the two risky securities,

13A number of algorithms were employed in solving and cross-checking

the examples. However, the majority of computations were performed using
the University of California's (Berkeley) version of Best's Feasible Conju-
gate Direction Algorithm. See Best (1975).
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4A much fuller deseription of the data and computational procedure
is to be found in Grauer (1975).

15This last finding is not inconsistent with the empirical evidence. )

See, for example, the 1932-1933 plot recorded. in Black, Jensen, and Scholes
(1972), p. 101.

6The paper was revised when it was discovered that a computer
error resulted in the five stock market portfolio being ranked by
cov(r,, |rH|) cov(r,, )
1 instead of B =
o* (x> o (x,)
M M

While the plots were similar

in both cases the expected return predictions were somewhat different. In
particular before the revision the skewness model predicted expected re-
turns better than the beta model in only four of fifteen cases examined and
in only three of twelve cases for the power utility models. In addition
the original figure 8, based on 1959 market values, exhibited a squared
error skewness to squared error beta ratio of 827.68.

However, we should note that while the scatter of points for the
power utility economles is not the linear relationship predicted by the
(MV)CAPM it may be sufficiently close to make it difficult to tell the
various models apart empirically. In fact, Roll (1973) attempted to dis-
criminate between the (MV)CAPM and a “growth optimal" model (a special

case of equation (3) where y = 0 and a, = 0 for all i) and based on

his results concluded that the two models are empirically identical.

BA note of caution regarding methodology may be in order. OQur
procedure was to explain (or predict) expected returns employing the two
valuation equations (1) and (11) in hypothetical (but hopefully realistic)
economies where individuals made their investment decisions in strict ac-
cordance with theory. We did not employ regression analysis to address
the question of whether the three-parameter model appreciably bétter ex-
plained expected returns. Had we donme so we could not help but have done
at least as well in explaining expected returns with the three-parameter
model.

19See footnote 8.
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