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Abstract

This paper develops a costly state verification (CSV) model which describes how financial
fluctuations affect real activity in a general equilibrium setting. In an economy with
differentiated lenders, the most efficient will become intermediaries (e.g. banks).
Intermediation generally creates frictions which prevent banks from dominating the debt
markets. In this model, firms with abundant funds avoid intermediaries, and tap the credit
markets directly. Meanwhile, firms with moderate resources borrow from intermediaries. The
aggregation of this model produces an economy with appealing features: aggregate
investment drops with a rise in the riskless rate, and a deterioration of bank or corporate
health.



Introduction
It is commonly believed that financial market ﬂuctuatioﬁs have an important effect on real
economic activity. Among economists, this view has been held by Keynes (1931), Fisher (1933),
and Friedman (1968~), for example. These scholars have argued that financial market disruptions
can and have caused breakdowns in real output and employment. One link between financial

markets and the real economy is monetary policy whose initial effect Friedman describes below:

" By making nominal cash balances higher than people desire, it will tend initially to lower interest rates
and in this and other ways to stimulate spending. Income and spending will start to rise. To begin with much or
most of the rise in income will take the form of an increase in output and employment rather than prices. People
have been expecting prices fo be stable, and prices and wages have been set for some time in the future on that
basis. [...] Producers will tend to react to the initial expansion in aggregate demand by Iincreasing outpul,

employees by working longer hours, and the unemployed by taking jobs now offered at nominal wages. This much

is pretty standard doctrine "' Friedman, M (1968) pp. 9-10

Monetary policy is not the only necessary link between financial fluctuations and real
activity. This paper studies how financial variables affect real investment in a non monetary
economy. I am not implying, though, that monetary policy is ineffective: Irving Fisher (1933)
argues that the monetary and nonmonetary links of financial and real activity are best understood
in each other's light. In an illuminating study, Bernanke (1983) has shO\yn that both non
monetary and monetary variables are important in explaining output changes during the Great
Depression. The nonmonetary variables that Bernanke analyzed econometrically and that I stud'y
theoretically here are corporate and bank financial health,

A central theme in this article is the study of the strengths and limitations of financial
intermediaries in providing credit. This allows us to understand what intermediaries do and why

they are important in propagating shocks throughout the economy. We can also understand how



firms choose different types of lenders. This paper shows that in equilibrium cash rich firms tap
the bondmarket directly while firms with moderate resources borrow from intermediaries,
Finally, firms with scarce funds are credit rationed. These results come from two assumptions:
First, that intermediaries have a lower cost of handling financially distressed firms than
bondholders. The second assumption is that intermediaries have limited internal funds and
nondiversifiable rigk in their loan portfolio. This implies that intermediaries need to borrow from
bondholders to relend to entrepreneurs, and that they may go into default. As intermediaries
expand lending, their marginal bankruptcy cost increases and eventually matches the marginal
lending benefits. This paper shows that in equilibrium both bank loans and bonds coexist in the
economy. Among the theoretical papers studying how firms choose their debt instruments,
Diamond (1991) is the best known. His model combines costly state venfication, moral hazard
and adverse selection. Diamond's model arrives at different predictions from the one here. In
Diamond's paper, for example, firms are sorted not according to thetr financial attributes but
according to their reputation.

The paper stays as close as possible to "neoclassical" assumptions: it postulates
perfectly competitive lending markets. It does not rely on assumptions of adverse selection or
any ex-ante asymetric information: such presuppositions cast doubt on an intermediary's ability
to screen lenders, and so - to my mind - are unconvincing. Costly state verification (CSV) - which
can be interpreted as the cost of financial distress - is the only market imperfection employed in
this article, and is sufficient to explain why some firms borrow from intermedianies while others
issue bonds directly.

One cannot fully understand the strengths and limitations of financial intermediaries

without embedding them in an economy with a large number of agents with whom they do



business. This aggregation generates a macroeconomic model that explains how financial and real
activity interact. In particular, [ derive an aggregate investment function with intuitive properties:
investment falls with a rise in the risk free rate, and with a deterioration of bank or corporate
financial health. Sdme excellent empirical studies - such as the one by Fazzari, Hubbard and
Petersen (1988) - have shown the importance of corporate cash flow in determining investment.
Recent theoretical work, such as the articles by Bernake and Gertler (1989) or Greenwald and
Stiglitz (1990), has studied how corporate and bank cash flow affect real activity. This research
has made extensive use of adverse selection models. Since adverse selection models are fairly
involved, this research has tended to use only the simplest assumptions (e.g. investment projects
with only two states), and has presented partial equilibrium models. For the same reasons, these
models have not studied issues of aggregation. This article presents a general equilibnum theory
linking nonmonetary financial variables and real activity, and studies aggregation explicitly.

The paper is presented as follows: section .1 outlines the model's assumptions. Section 2
presents an economy without financial intermediaries. Section 3 introduces specialized lenders,
who will endogenously become financial intermediaries. The general equilibrium of this economy
is studied in section 4. Section 4 also presents a savings equation and studies the determination of

the risk free interest rate and investment in the economy. Proofs are left to the appendix.

Section I.Assﬁmptions.
This model has three types of agents: (1) heterogeneous, risk neutral entrepreneurs who
have a project but insufficient funds to compiete it. (2) Risk neutral generic lenders (bondholders)
and (3) Risk neutral specialized lenders (banks). In period ¢ = 0 all contracts are written. At time

t = 1 the states of the world are revealed. Bondholders and banks have imperfect information, in



the sense that it is costly for them to verify the project's returns. This setup was introduced by
Townsend (1979) and used later by Gale and Hellwig (1985), a.nd can be interpreted as the cost
of financial distress. In a costly state verification framework, the optimal contract between
entrepreneurs and outside investors is standard debt. This theoretical result fits well with the
financing patterns for firms in industrialized countries, as described in Mayer (1990). The
model's assumptions are given below:

Al. The Project: The project has a fixed size z, which I set to 1 without loss of generality.

The realized returns s € [0,o0) have a density function f{s) with a finite first moment (Al.1) and

an increasing hazard rate p(s) (Al.2). This assumption is widely used in models of incentive

contracts, such as Grossman and Hart (1982). The monotone hazard rate property is satisfied by
the normal, uniform, and Laplace distributions The exponential, gamma and Weibull distributions
with degrees of freedom parameter larger than one also satisfy this condition. The economic

significance of this postulate is explained in A6.

(ALDE@s)=p<e {A1.2) p'(s) = 0, where p(s) = T%

A2 Bondholders: There is a group of competitive generic lenders - bondholders - whose

type is denoted by 7, and who can verify a project at a cost o5,/ ) = 0. Entrepreneurs issue
securities at time O which bondholders may buy. Bondholders have the alternative option of
investing their funds in a safe asset with a return Rx Bondholders use their own wealth to lend.
A3. Entrepreneurs: There are N risk neutral entrepreneurs who are identical in everything
except in their internal funds e < 1. To complete their project entrepreneurs must borrow [1-¢].
Entrepreneurs are indexed by their internal funds, and distributed according to a density function

h(e). Entrepreneurs have the option of investing their funds in a safe asset with a return Ry



A4. Banks. There is a group of competitive specialized lenders, whose type is denoted by

t . In the paper, these lenders are called banks, because they will naturally tend to become

financial intermediaries. Banks have lower verification costs than bondholders ¢(s;t) < (5,7 ).
Banks have an aggregate internal funds ¥

AS. Verification costs:

(AS.1) c(0;1) =0 (A5.3) E{c(s:1)} = 3(f) < o

(AS52)cs7) 2 ¢'(s:2)>0 (A54) (D20
Assumption (AS5.2) says that higher states are more costly to verify! this might be
because the complexity of the project increases with size. (A5.2) may also be justified if at better
states the entrepreneur trieé to disinform lenders, to keep some money for himself. Assumpticn
(A5 2) also says that verification costs rise faster for bondholders than for banks. At later stages

in the model I simplify the cost structure so that it be linear c(s,7) = ts.

A6, Observe that A5.2 and A1.2 imply that ¢(s;1)p(s) increases in s°. This result ensures

that in expected terms, the marginal lending costs increase relative to the marginal benefits. -

Section 2. An Economy without Intermediaries
~ This section considers only one type of lender, bondholders. An entrepreneur issues
securities at time # = 0 to maximize his expected payoff ai t=1. He promises to pay P(s) at time
{ = 1 contingent on the realized return of the project. Bondholders decide to verify or not
according to the realized state. B(s) is an indicator function that equals one if a firm is verified. An

entrepreneur with internal funds e maximizes:



Max E{s-P(s)}

Subjectto  a) P(s)< s (Limited fiability)
b) Vs e Bl= P(s)=[1-efF(x) where Bi= {s: B(s)= 0}
¢) V s e B'= P(s) depends on s where B'= {s: B(s) = 1}
d) E(P(s)} = [1-e]Rr+ E{c(s:7 )B(s)} (bondholders' IR)

Gale and Hellwig (1985) show that the solution to this problem is the standard debt
contract, defined in equation (1). With standard debt, the entrepreneur makes a fixed payment in
good states. If unable to meet his payments, the entrepreneur is intervened by ﬁis creditors and
forced to pay as much as he can. Gale and Hellwig's result justifies the existence of a very widely

used contract - debt - from deep microeconomic foundations. Equation (2) displays bondholders'
expected revenue, where m(x) = [1-eJr(x). In equilibrium, equation (2) must hold as an identity

since bondholders are risk neutral and competitive.

[1-eF(x) V¥ s2[1-efi(x) Bs) = ]I; ¥ s 2 [1-e]ix)
0

1) P(s) =
(1) () { ¥ s < [1eF Vs < (12l

(2) E{P(s)} = m[1-F(m)] + fsj(s)ds = [1-e]Rr+ fc(s;f)]‘(s)ds
0 0

Definition of a lending equilibrium and solution technique:
Equations (3) and (4) display Ulx;i ,m) and F(x;m), the economic profit functions for
bondholders and entrepreneurs. A(m) - defined in equation (5) - is the expected bondholder
revenue. x = [e Ry @] is a vector of variables: e is the fraction of the project that is internally

financed, Ry is the riskless rate, 7y are the setup costs - if any - of becoming a bank and Q1s a



measure of aggregate firm cash flow, which is explained at the end of this section. The last two

variables in the x vector are included for generality, but they will not be used in section 2.

(3) Ulx;t ,my=m[1-F(m)] + f [s-c(s;D)}fis)ds ~[1-e]Ry = A(m) — [1-eiRy
0
4y  A(m) = m[1-F(m)] + f [s-c(s; DA s5)ds
0

5)  Voem) = Jis-mlfis)ds -eRp = ¢(m) - e

m
The firm defaults when a project's state falls below m(x;7) = [1-e}r(x,; 7). In what follows

we will make the bankruptcy point m(x;?) the focus of our analysis. From the above definition
there is a one to one match between the bankruptcy point and the interest rate faced by a firm.

Definition (Lending Equilibrinm)
A lending equilibrium is the lowest bankruptcy point m(x) where bondholders break even and
firms make a profit m(x) =min{m: Ulx;1 ,m)= 0 and V(x;m) 2 0}
The equilibrium rate is typically found by solving the following problem:

m(x) = argmax,, Vix;m) st Ulx;i,m)20

Unfortunately, the problem can and will be unfeasible for some attributes x, since the
constraint could never bind, so U{x,;7 ,m) < 0¥ m . Thus, we need to solve the dual :
mx) = argmax, U(x;T m) st Vixm) =20 ~ (Fims' IR constraint)

In the dual problem, the constraint can always be satisfied, provided that the project's

return is higher than the risk free rate. The relation between the dual and primal solution is as



follows: if at the dual rate we have U(x,;7 ,/ 4(x)) < 0 then bondholders can never break even by

lending to a firm with attributes x. Hence at that point no equilibrium exists and no lending takes
place. If at the dual rate we have Ul(x;7 ,/m 9(x)) 2 0 then - as proposition 4 demonstrates - there

exists a unique lending equilibrium /2(x) < 7 9(x). The next subsection solves the dual problem,

and studies the equilibrium between entrepreneurs and bondholders.

Lending Equilibrium between Bondholders and Entrepreneurs:

The first order conditions of an unconstrained maximization of U{x;7 ,m) with respect to
m is given in equation (6). Assumption A6.1 implies that as m rises the marginal lending costs
increase and eventually exceed the marginal benefits. Hence, bondholders cannot raise interest
rates indefinitely to maximize profits. Proposition 1 states that bondholders' economic profit
function has a single peak with respect to the interest rate. It is interesting to note that a CSV
model generates a similar result to that of Stglitz and Weiss (1981), but with less market

imperfections.
(6) Un(x:t ,m) = [1-F(m)][1-c(m,T Yp(m)]
Proposition 1
There exists a unique unconstrained maximizing rate /1 ¥(x) < eo where U, (x;7 71 ¥(x)) = 0.
Corollary: Unfx:f ,m) >0 = cm;I)p(m) <1 ¥V m <in*(x)
Un(;T m) <0 = c(mi)p(m>1 Ym> i “tx)
At the unconstrained maximizer, bondholders' economic payoff is linear in ¢ and R To

see this, note that maximizing U(x;f ,/n %(x)) is the same as maximizing revenues A(m) with



respect to m. The maximizer is a constant 717 ¥(x) = k (see equation 4 to verify this) so Ak) > 0

is a constant too. Equation (7) exhibits bondholders' economic profit evaluated at 717 *(x) = % , and
figure 1 plots it. Firms with funds below & #(x) - defined in equation (8) - yield no economic

profits to bondholders since U(x,7 ,m 9(x)) € Ulx;7 ,im “(x)) < 0. Hence firms e € [0,& #(x)), will

be shut out of the credit markets,

(7) Ui .m*)= Ak) - [1-e]Ry
(8)  &xx) mMax(o ; 1%@}

Figure 1 Behavior of U(x;1,m") as a function of e
A Ulx;t,m)

N . . . .
\Firms in this region will be
denied credit by bondholders
We have not yet solved the dual, since we have not taken into account the entrepreneurs’
participation constraint, defined in equation (5). At /1 “(x) = & the first term of equation (5) is a

constant that we define as ¢(k ). Firms with higher funds have better outside opportunities. We



define € ¥(x) in equation (9). This is the lowest entrepreneur who has a binding participation
constraint so V(x; m4(x)} <0 Vee (e¥(x)1]

(5) V(eym) = ¢(m) ~eRr 20

k
(9) @ ¥(x) =Mi>1(1 iﬁgfl}

Bondholders must lower the contractual rate they charge to firms e € (e ¥(x),1] to a point

m ¥(x} - defined in equation (10) - so that firms are indifferent between borrowing or not.

Proposition 2 studies the existence and uniqueness of 7 ¥(x):

o0

(10) Vix, mv)= f [s- m¥Ifis)ds - eRr =0

r;'jv

Proposition 2 For Ry< [ e > ¢” there is a unique rate 72 ¥(x)e [0, m¥(x) ) where J{x;m ¥(x)) = 0.
The rate /i 9(x) that solves the dual is given in equation (11). Note c(/ 9,7 )p(m 4) < 1

since /1 4 < /i ¥ = k . At the dual rate, bondholders' profits rise for firms with more internal
funds, sol,(x;7 . 4) = c(m 41 Yp(m 9)R,> 0. This derivative used equations (3) and (10).

Although bondholders need to satisfy a tighter participation constraint for cash rich firms, the

savings from less verification outweigh the revenue loss. Bondholders' economic profit falls with

a increase in the risk free interest rate, soUgdx,7 .9} = ec( 4,1 )p(im 9)-1<0.

k Ve<eYx) definedin proposition 1
A1v(x) Vez2é"(x) defined in equation (10)

(11) 7 4(x) = {

10



Figure 2 Bondholder Profits at the dual rate and with Re> |l - C

A

The participation constraint enlarges the range of credit rationed firms. To see this let us
first define C = E{c(s;H)is<k }F(k ). When interest rates are high Re>p - C , the participation
constraint is binding for all firms who are not affected by equation (7), so & ¥(x) < e #(x). Figure 2

plots bondholders' payoffs at the dual rate, and shows thatl/(x,7 ,/n 9) < 0 at & %(x). Proposition 3

identifies the point € 2(x) where bondholders break even.
Proposition 3 For Rre ({L- C 1] there exists a unique point & (x) € (¢ “(x),1] where bondholders
break even. & °(x) increases with Ry and 2 °(Ry = )= 1

After deriving the solution to the dual problem, equation (12) defines & “(x), below which
firms do not receive credit, since lenders never profits: Ulx;7 /1 9(x)) < 0 V e < & ¢(x). We have

shown that for firms e € [0,& ¢(x)) no lending equilibrium exists. Proposition 4 shows the
existence of a lending equilibrium for e & [& ¢(x),1].One can show A(k) <u-C <.

11



0 YV Rre [0;A(R)]
30 .
(12) 2¢(x)= 3 1-—37' V Rre Ay - C
&o(x) V Ree [u-Ciul
| hvi Rf> 5

Proposition 4: For e € [2 (x),1] there exists one lending equilibium #(x) e ([1-e]Rsm 4(x)]

wherel{(x;7 ,/n(x) ) =0 and V(x,m(x) ) = .

Figure 3 Cutoff rate e <(x)

A(K) HoRy

The cutoff rate € ¢(x) 1s shown in figure 3. To understand this figure, consider a coordinate
(Rse). This specifies a risk free rate and an entrepreneur e. If that coordinate is in the shaded area
then the entrepreneur is credit rationed. If the coordinate- 15 in the white area then the
entrepreneur is borrowing from bondholders. No firm is rationed at low interest rates. As the

riskless rate rises, more firms become rationed. The market shuts down when the riskless rate

12



equals the project's expected return. The reason for the steady loan extinction is that as the
riskless rate rises the outside option becomes more attractive to both borrowers and lenders. This

raises the verification costs for all firms and makes the projects even less desirable than before.

Without verification costs all projects are financed as long as Ry< .
Behavior of Contractual Interest Rates:
The rate 7(x) charged by bondholders to firms is defined in equation (13). Proposition 5

studies the behavior of 7(x) . The intuition of proposition 5 is straightforward. A firm with
higher internal funds has a lower default rate, and thus needs less venfication. The savings in

verification costs are passed on to the firm in the form of a lower contractual rate. The second

result says that the contractual rate rises faster than the riskless rate, so the spread #(x) - Ry
increases with a rise in Ry When riskless bonds pay a higher interest, entrepreneurs must offer
more attractive rates to retain investors. As the contractual rate rises there are more defaults and

more need for verification.

m(x)

(13) Ulx;1 ,m(x) ) =m(x) [1-F(n(x))]+ f[s—c(s;f)]f(s)ds -[1-e]Rr=0 Vee [e<x)1]
0
Proposition 5 [dr(x) /de} <0 [dr(x) /dRq > 1 Vee [ec(x)]1]

Aggregate Investment in an Economy without Intermediaries

Aggregate investment is displayed in equation (14), an is defined as the sum of the
individual investment of firms with funds e € [e ¢(x),1] In a model without informational

problems, cash flow fluctuations are irrelevant to investment, but with costly state verification

13



this is not true. If a firm with funds e <@ ¢(x) receives an influx Ae 2 & ¢(x) - ¢, its investment
jumps from O to 1. An increase in a firm's funds has an analog in the aggregate economy. Let us

parametrize the distribution function H{e, ) of firms. A higher first order stochastic dominance

parameter ¢ signifies a generalized cash increase so Hy(e,¢) < 0 and does not change the cutoff

point € ¢(x). Investment rises with a generalized increase in funds as seen in equation (14).

Investment also falls with a rise in the risk free rate, since & “(x) increases with a rise in Ry
(14)  I(Rpp) = N[1-H(e “(x),9)]
Io(Ry9) = -NHo(€5,0) >0 InfRs) = -Nh(z ©@)ce /R < 0

The above resuits show how a simple CSV framework can deliver a macroeconomic
investment function where nonmonetary variables - corporate earnings and real interest rates -
affect real activity. Such a model does not require taxing assumptions on its information
structure, nor does it rely on the existence of financial intermediaries, who will be introduced in

the next secticn.

Section 3. An economy with Financial Intermediaries
This section introduces a new class of lenders, which T will call banks. The defining

attribute of these specialized lenders is that they have lower verification costs than bondholders,

so ¢(s;7) £ c(s,7 ). Empirical studies by Weiss (1990) and Gilson et al. (1990) have shown that
banks are more succesful than bondholders in defending their priority rights during
reorganizations, a sign of their strong bargaining position. Banks are also effective promoters of

private reorganizations, which are considered to be less value destroying than formal bankruptcy

14



proceedings. As we will see here, the assumption of low verification costs needs to be enriched
to explain why both bank loans and bonds coexist in the economy. Section 3.1 assumes that
banks have enough internal resources to finance all available projects. In this case bondholders are
driven out of the market. Although unrealistic, the setup in section 3.1 is a helpful baseline from
which to build on later,

Section 3.2 endogeneizes the level of financial intermediation. A generic lender has the

choice of becoming specialized, by spending a fraction v of its capital. In this setup, banks will

naturally act as intermediaries, borrowing from bondholders and relending to entrepreneurs. Since
the banks' portfolios are not riskless, they will sometimes go bankrupt. As a bank expands its
loans, its marginal bankruptcy cost increases, and eventually matches the marginal lending
benefit. I will simplify the verification cost structure to maintain a tractable model, and to make
the assumption of a representative bank viable. In this section three categories of firms emerge.
First, a group of well endowed companies borrows directly from the bondmarket. Second, firms
with intermediate resources borrow from banks. Finally companies with very limited funds are
shut out of the credit market, and are unable to undertake their projects. This section also
analyzes of the interest rates charged by banks and bondholders to different firms The aggregate
investment function behaves as in section 2, with the difference that the banks' financial position

will also affect real activity.

3.1 Solving the Dual for an overcapitalized banking sector

This subsection studies the maximization problem of an overcapitalized banking sector

with verification costs ¢(s;f) £ ¢(s;7 ). Banks have enough internal funds W to cover the

economy's needs, so W > N[1- E{e}]. The bank's dual problem is given below:

15



mAx) = argmax, U(x; 1)
a)V{xm) 20 Ve (Individual Rationality)

b) m(x) < (%) Vee [2¢x)1] (Incentive Compatibility)

{/(x;1m) represents the banks' economic profit. The first constraint is the entrepreneur's
participation. The second constraint is an incentive compatibility condition for firms with access
to the bondmarket. Below, we define the banks' economic profit and revenue functions, and

proposition 6 studies some of their properties.

m

(18) Ulx;tm) = m{1-F(m)] + f [s-c(s;DMAs)ds ~ [1-elRr = Ulx;T ,m)+ f [e(s;T)-c(s;D) 1A s)ds
0 0

m

(16) Agn)=m[1-F(m)] + f [s-c(s;DAs)ds = Mm) + f [c(s:)-c(s; DHIRs)ds
0

0

Proposition 6 A) Banks' maximizing rate has m*(x) = m #(x) B)U(x;1m*(x)) 2U(x; T 7 “(x))

The unconstrained maximizer of the bank's economic profit is a constant m¥#(x) = k.

Following proposition 6B we can show that A(k) = A(k) > 0. There is a point

e¥(x) - defined in equation (17) - below which the bank is unwilling to lend so U(x;7,m¥(x)) <0
ME)

(I7) e¥(x)=Max| 0, 1-—}-{?—

(18) e'(x)= Mz’n(l ?;%?-)

For e e (e"(x),1] banks need to reduce the rate to m¥(x) - defined in equation (19) - to

make the firm indifferent between borrowing or not. The existence of a unique m*(x) € [0,m*(x)]

can be shown following the arguments in proposition 2. The banker's maximizing rates subject to

16



the firm's individual rationality constraint are shown in equation (20), which is entirely analogous
to equation (11). Note that c(m*)p(m*) <1 since m=(x) £ k. Equation (21) was obtained from
equations (15) and (19). We can also show that at the dual rate, bank profits fall as R increases

soUnfxitm) = ecm),p(m*) - 1<0

(19) Vecmv()) = J[s-m*(e)fis)ds - eRr = 0 Vee (e(x)1]

m¥

o {ﬁ Ve <eXi)
(20) m*x)= m¥(x) Veze'()

(21) Uelxsam=) = c(m*Dp(m*)Rr >0

As in section 2 thé indtvidual rationality constraint enlarges the credit rationed range of
firms by [e*(x),e"(x)]. First Define C = E{c(s;7)ls<k}F(k) When R/is between [t - C and |, we can
show that there is a unique point ¢°(x) increasing in R, ¢"(x) < e°(x) < 1, where specialized lenders
lose money for all firms e < ¢°(x} by the same arguments of proposition 3. We obtain the cutoff

€°(x) analogous to the one defined in equation (12) below which firms will not borrow.

0 ¥ Rre [0;MK)]
A(k)
(2) e =y T Y Rre BON-
: €%(x) vV Rre [u-Copl
1 V Re>p

Figure 4 presents the cutoff rates for banks and bondholders. The bank lends in the white
and the lightly shaded areas. Bondholders only lend in the white area. Entrepreneurs in the darkly

shaded zone are credit rationed by both lenders. One can show that the bank's cutoff rate is

below the bondholders cutoff so ef(x) <e ¢(x) To see this, consider Ry> A(k) . At the coordinate

17



(e ¢(x),Rp) bondholders are breaking even and firms are willing to borrow. At that same point the

bank can match the rate charged by bondholders and make a profit, since it has lower verification
costs: mathematically this means U{x,;7 ,fir(x) ) = 0 and U(x;1m(x) ) 2 0. Since bank’s profit

increases in e from equation (21), the point e(x) where U{x';z,/m(x') ) = O lies below e “(x).

Figure 4 Comparison of cutoff rates for banks and bondholders

(k) A n

We have ignored that firms with access to the bondmarket will not borrow from the bank

if charges more than bondholders #(x) > F(x) . This incentive compatibility constraint forces

banks to change strategy as follows: for bond constrained firms e € [e(x), & ¢(x)) banks keep
charging their maximizing rate m *x), defined in equation (20). For firms e € [e ¢(x),1] banks

match the rates charged by bondholders, m{x) as defined by equation (13). With this "contestable
market" strategy - shown in equation (23) - the bank drives bondholders out of the market. After

some manipulation, the bank’s economic profit is given in equation (24):
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m*(x) V e e [ef(x)ec(x)] defined in equation (20)

(23) mix)= {
m(x} Vee [e(x),1] defined in equation (13)

M) - [1-¢]Rs Ve e [e);20)]
(24) Uit miG) = | "
f [e(s;E)-c(s;H1f(s)ds > 0 Vee [e5x)1]
0

The second line in equation (24) uses equation (15) and U(x;7 ,m(x) )= 0. In the following
sections the simplest paradigm to work with is an excess return function, defined in equation
(25). Proposition 7 characterizes this function, and figure 5 piots it. The most noteworthy
feature here is the fact that for firms with access to the bondmarket, the banks' maximal rate of

return decreases in e. This occurs because of the competitive nature of the bondmarket. We have

already shown that for firms e € [0, e°(x)) there does not exist a lending equilibrium. Following

the arguments of proposition 4 we can show that there exists a unique lending equilibrium m(x) <

m4(x) for all firms with internal funds e € [ec(x),1).

(25) dix; mi(x)) = Ux;t, m4(x))

I-¢
Proposition 7:A) d(x; m%x)) <0 ee [0, ec(x))
B) d(x; m4(x)) 2 0, do(x; m*(x))> 0 e e [edx), e ¢(x))
C) dix; mé(x)) 2 0, do(x; m(x)) <0 e [ec(x)1)
D) d(x; m9(x)) =0 e=1

19



Figure 5§ Maximal Bank excess return d(x; md(x))

A d(x;mo)

3.2 Endogenous Intermediation
So far, we have seen that introducing a specialized lender does not by itself explain why
we observe intermediated and nonintermediated lending in the economy. This section solves this

problem by endogeneizing the level of financial intermediation. 1 assume that a bondholder - a

generic lender - with funds W, can become a specialized lender, by spending a fraction 7y of his

funds. One can view this fraction as a reserve requirement, or the expenses that banks incurr in
setting up a monitoring technology, or simply as a liquidity pool that an intermediary sets to
satisfy its depositors. At the margin, no bondholder should have an incentive to become a
specialized lender. In this setup, we will see that banks use not only their own funds, but also
borrow from depositors and relend to firms. Bondholders are willing to lend to such a specialized
lender, since the expected return on its portfolio can be greater than Ry

This subsection considers a profit maximizing, competitive banking sector. To carry on

with this market structure we must simplify the model. We will assume that bondholders have
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linear verification costs and limited Hability so that e(s;7 =7 s, 7 < 1. This simplification allows
us to properly tatk about a representative bank. If verification costs were not linear, then the size
and distribution of banks would matter.

We prove two things in this section. First, that the optimal investment strategy for an

intermediary is to set a premium 1t and to choose only those projects with a rate of return above
Re+ 1. The second result shows that there exists a unique and positive competitive premium for

banks. This subsection studies the behavior of this premium 7(x) as a function of bank's reserve

requirement and risk free rate.
Joint Distribution Function:
In a related article, Diamond (1984) assumed that in a loan portfolio banks can diversify
all risk away. Since this postulate seems unrealistic, I will assume instead that banks' loan

portfolic has an undiversifiable risk component. Let us start with a generic lending strategy:

consider a Borel set S; € B([0,1]) such that the bank lends only to firms in the set S;. Suppose

that the bank charges an arbitrary rate r(x) that satisfies the firms' individual rationality and
incentive constraints. The expected payoff from lending to an entrepreneur in set S; is:

m(x)
(16) Mm(x), ) = m(x)[1-F(m(x))] + f [s-c(s:D1A(s)ds
0
where m(x) = [1-e]r(x). Suppose that the actual payoff of this loan is given by equation
(26). y is an aggregate shock that enters multiplicatively, and 4, is a mean zero idiosyncratic

random variable. y is a bounded random variable with a distribution g(y) and expected value of

one so that y € [0,v], £(y) = 1. If the decomposition in equation (26} is possible then, following
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Al-Najjar (1994) the actual returns on a portfolio S; is given by equation (27) and (28). Appendix

2B discusses this issue in more detail.
(26) A(m(x),5) = Mm(x).0y + ho(m(x),0)
27) ASi,R) = A(Si, Rpy

(28) ARy = S NA(m(x))dH(e)de
ec S

A(S; Ry) are the expected bank revenues from lending to a set S; of firms. Equation (27)

says that investors cannot diversify away the common shock, although they can completely
eliminate the idiosyncratic returns. This result is a consequence of having a contimum of
entrepreneurs. In reality, since loan portfolios normally include a finite number of firms, some
idiosyncratic components are likely to remain. In such an enviroment, the banks' realized returns
are not exactly matched by y. The assumption of having a continuum of entrepreneurs can be
seen as an idealization of many firms with negligible weight. A representative bank lending to a

set S; of entrepreneurs has loans amounting to:

Q9 L(SH=N Jli-eldH(e)de
ees;

The bank's internal funds are [1-y]W;, which may be insufficient to cover their lending
needs so L(S;) > [1-y]W; If the bank's state A(S;)y is costly to verify*, the optimal contract with
its depositors - with bondholders - is standard debt. The bank borrows L(S;} - [1-y]#; from
depositors, who charge a rate R(S;) on that balance. Banks owe M(S;) = [L(S;) - [1-Y]#;]R(S),

and default whenever the state y drops below b = M/A. The following assumptions ensure the
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existence of a lending equilibrium between the bank and its depositors: a) g(y) has an increasing
hazard rate; b) 7 [W/Alp(w/A) = 1 and; ¢) At a profit maximizing rate k(A) then U(x;7 ,K(A)) 2 0

and Ulx,£k(A)) = 0. The equilibrium is a unique value b; € (0,A(A)] where bondholders break

even, Ux;7 ,b;) = 0. The existence of a lending equilibrium can be proved using the arguments in

propositions 1 and 3.
Equilibrium Bank Behavior
We need to define what we mean by a bank-entrepreneur equilibrium. Lenders choose

several things. First, they decide if they will become specialized investors, and thus to pay a
fraction vy of their capital. If an investor decides to acquire the specialized lending technology, he
chooses two variables: The first is the set S; where he lends. The union of all the sets where
banks lend is defined as S* The second choice that banks maéce is the rate m(x) charged to each

firm e € S*. I posit the following conditions that an equilibrium {S$*m(x)} should satis{y:
E1. In equilibrium a bank has no incentive to change interest rates m(x) to firms e € S*.

E2. In equilibrium a bank have no incentive to lend to firms e ¢ S*

E3. In equilibrium a bank has no incentive to change the loan size.
E4. In equilibrium no bondholder wants to become a bank.

These conditions are similar to those of a Nash equilibrium, where agents have no
incentives to deviate from their current policies. Proposition 8 explores the nature and existence

of an equilibrium bank lending in this economy. Part A of this proposition says that banks will

set a premium 7, and lend only to those projects which, evaluated at the dual rate defined in

equation (23), have a rate of return greater than R+ 1.
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Proposition 8: The equilibrium bank lending in this economy has :
A) The optimal set S*(rt) = [e,z ] satisfies the condition that e € S*(n) iff d(x;m(x)) = m. The
optimal pricing strategy is m(x) such that A(m{x)) = [1-e][R/+ n}.
B) ei(mR) 20, ea(mRY20; e (mRY <0, eamRy 20
C) There is a unique equilibrium premium 7(x) > 0. This premium has m,; > 0, for v, Ry.

The optimal portfolio $* is uniquely identified with the premium 7. Figure 6 plots what
the aggregate bank porfolio $* looks like. Banks will discard entrepreneurs with scarce resources.
They will also drop firms with abundant funds, where competition with bondholders erodes

economic profits. Banks will compete among themselves until the rate of return for each project

e € §* has dropped to Ry+ %. A positive premium implies that there are fewer bank loans than

before: e(x) < e(m) < e °(x) < &(m) . Proposition 8B signs the derivatives of e(%) and &(x) .

Figure 6 Optimal portfolio of bank loans

|

-'/ emy)  @m) e

Y

The aggregate amount of expected bank revenues and loans under the result in proposition

8 are presented in equations (28") and (29").
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€ €

28) A@R) = NS Ale Rph(e)de = [R;+ mIL(TR) (29) L(n Ry = NS [1-eJh(e)de
[4 e

The equilibrium conditions E1-E4 imply that a) Neither bondholders nor banks are
making economic profits ¢) Each bank with funds #; chooses the extent of its loans L; in a profit
maximizing way. Banks and bondholders take the pricing policy m(x) as given. This implies that
neither banks nor bondholders consider the general equilibrium impact on pricing that ocurrs

when they change their loan size. The equilibrium conditions are given in equations (30)-(33):
b;

(30) Ux;T,65.5;) = [m+RALY bi[1-G(b)] + Jy[1-T]gkdy | - (L; - [1-y]W)Ry =0
0

v
By Ulx;1h,S;) = [nt+R f]L,-f D-biledy - WiRe =0 zero bank profits
b;
AU S; ; 1-y|W.R L
(32) % = [R+ R}f [v-bilg(dy - —-[—Y_-]-'"—‘L- = {} bank profit maximization
’ by Li{l-thp(d1)]

(33) ZL,- = L(T, Ry) market clearing

!

This first order condition in equation (32) uses equations (31) and (30). It considers an

atomistic bank deciding how much to lend in the economy, taking the pricing policy m(x) and

thus 7t as given. With these equilibrium conditions we want to find out the bankruptcy point b;
(i.e. interest rate) and leverage L; faced by each bank. We also want to identify the equilibrium
premium = and aggregate bank capital . These variables are explicitly derived in the proof of

proposition 8C. Equations (30) - (33) imply that the bankruptey rate is the same across banks: b;
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= b; = b(Y). A rise in Y - which ocurrs because of increases in reserve requirements or because

banks need to have greater liquid assets in the face of bank runs - raises the bankruptcy point, so

b'(yy > 0. Similarly, the equilibrium conditions imply that the leverage across banks is the same.

Banks act as intermediaries, since the ratio of internal funds to loans is below one so that we have

y) = [1-y]W/L; < 1. Leverage increases with a rise in the reserve requirement, so /'(y) < 0.
Equation (34) displays an expression for the premium, which was obtained by combining

equations (30), (31) and (32) One can verify that P(5)> 0, P(v)= [ <1 and that P(0) = 0. The

derivatives of this premium are given in equation (35):

‘ v b
G4y =R, [%} > 0 where P(b) = f{:bp(b){bz-b]g(y)dy + _Ofyg(y)aj; <1
an T PO _m dn _ ReP(OB'(Y) dn_ PO
9 |ir) K 70 & ROR 0 man 0r0F

n > 0 implies that banks will not completely dominate the debt market. As a bank

expands its lending it has to borrow more from the bondmarket, making default more likely. In
addition, the marginal bankruptcy cost increases with higher leverage. Banks stop lending at the
point where the marginal value of the extra loan equals the marginal expected bankruptey costs.
Equation (35) shows how the premium varies with changes in reserve requirements and interest
rates. With lower reserve requirements, banks need to borrow less to finance the same projects,
lowering b. This reduces banks' default rate and premium, as shown in equation (34). The
premium also increases with a rise in Rz As the risk free rate rises, banks have to offer higher
coupons to their depositors, becoming more prone to bankruptcy. This raises banks' premium, as

defined by equation (34).
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The behavior of this economy is sketched in Figure 7. To understand this figure consider a
coordinate (Rge). This coordinate specifies a firm with internal funds e at a prevailing interest rate
Ry If the coordinate is in the gray area, the entrepreneur borrows directly from the bondmarket. If
the coordinate is in the white area the firm borrows from the bank. If the point is in the black area

the firm cannot borrow.

Figure 7 Choice between public and private debt

B8 Entrepreneurs in this region cannot borrow

Entrepreneurs in this region borrow from bonds
[ ] Entrepreneurs in this region borrow from banks -

Firms with abundant funds ¢ > & borrow directly from the bondmarket. Well endowed
firms are seldom bankrupt, and thus need little verification. They are rather looking for lenders
with a low cost of capital, which implies that bondholders can underprice intermediaries. A drop

in reserve requirements lowers banks' capital cost, enabling them to steal some projects from

bondholders, so de(x) /dy < 0. Proposition 8 shows that the cutoff rate rises with a rise in the
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riskless rate so de(x) /dR; > 0. As Ry increases, bondholders demand a higher return from
entrepreneurs. This creates more verification, and extra rents for banks to take. The bank can now

capture some fringe firms: this raises @ . There is a second effect, which is the rise of the premium

as the risk free rate increases, and which is outweighed by the first effect.
Firms with funds e € [¢,& ] borrow from banks. Firms with moderate resources are more

likely to go bankrupt. Banks are able to outcompete bondholders because of their lower
verification costs, which are more relevant in this range of firms. The bank is unable to

completely drive generic lenders out of the market since it has a higher cost of capital than

bondholders. Banks expand lending when faced with lower reserve requirements, so de(x)/dy > 0

and de(x) /dy < 0. The lower cutoff rate e rises with an increase in the risk free rate. As Ry rises,

safe bonds becomes more attractive than lending to poorly endowed firms, raising agency costs

between banks and entrepreneurs. This effect pushes poorly endowed firms out of the credit

markets. There is a second effect - the rise in 7 as Ryincreases - which reinforces the first effect.

Firms with low cash e € [0,¢) are credit rationed. Neither banks nor bondholders can ever

make money from lending to such firms. The number of firms excluded from the credit markets
increases with a rise in the risk free rate or with a higher reserve requirement.
Microeconomic Implications on contractual interest rates:
Proposition 9 shows the behavior of bank contractual interest rates. The results of
propositions 5 and 9 are presented in figure 8. The y axis of this figure plots the interest rates

charged by both types of lenders to a company with internal funds e.
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Proposition 9: Firms with funds e € [g,2 ] face an interest rate r(x) satisfying
[dr(x)/de] <0, [dr(x}/dR;]> 1 and [dr(x)/eby}> O

Figure 8 Contractual rates charged charged by bondholders r(e) and banks r(e)
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There are three groups of firms to consider. Firms with funds e € [e(x;R(x)), & °(x)) can
borrow only from intermediaries,
A second group of firms - those with funds e € [e “(x)2(x;7(x)) ] - can borrow from

either banks or from bondholders: borrowing from the former source is less expensive. If a firm
in this group borrows from the bondmarket it is for reasons outside of this model, such as agency
costs. An instance of this is a manager desiring to escape bank monitoring. This could be an

explanation of junk bonds.
The last group of firms, those with funds e e [e(x;7(x)),1], can borrow from banks or

bondholders, although the latter always charge a lower rate on their loans. If a company in this
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region borrows from a bank it must do so for reasons outside of our model. For example a firm in
this group might not borrow bonds to avoid stringent disclosuré requirements.
Section 4. Aggregate Equilibrium
We will no‘-N aggregate the microeconomic model presented thus far. First, we study
aggregate corporate investment. We then analyze aggregate savings and the general equilibrium of
the economy.
Aggregate Corporate Investment

Corporate investment is the aggregation of the individual investment of those firms who

can borrow from either banks or bondholders i.e. with internal funds e & [e,1]. This cutoff rate is
characterized in proposition 8B. Total investment is displayed in equation (36). ¢ is a first order
stochastic dominance parameter such that Hy(e, ) < 0. A higher value of @ means that there is a

generalized increase in company internal funds. Proposition 10 considers consider how changes in

the risk free rate, the reserve requirements and corporate internal funds affect investment:

1
(36) Itx) = NS he)de = N[1-H(e(m(x):R ;)]

Proposition 10

Investment increases with an improvement in corporate internal funds, and with a drop in the

risk free rate or the reserve requirement: thus L (x) > 0 for x; = ¢ and L{(x) <0 forx, = YRy

Higher corporate internal funds raise aggregate investment. This ocurrs because firms that

were previously excluded from the credit markets i.e. e < ¢ receive an inflow Ae which may

sufficient to bring them into the credit market, so that the firms’ investment jumps from 0 to 1.
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A higher interest rate lowers investment. As Ry rises, the banks cost of capital increases.
This causes banks to reduce lending to firms with low funds. There is a second effect - the rise in
the premium as Ryincreases - which reinforces the first effect. What is the difference between this
interest rate mechanism and its neoclassical counterpart? In a frictionless model with risk neutral
agents, firms reduce investment because as interest rate rises, the expected profit of their projects

falls below the riskless rate of return. In this model a rise in interest rates reduces investment

even among companies with good projects (L > Rj). This additional interest rate mechanism is

difficult to disentangle with aggregate data. At a microeconomic level it could be tested running

corporate investment as follows:

Ij =g+ bl‘]j -+ bng-i- bg’\/+ b.;CJ
where g; controls for an industry's profitability, v is a measure of reserve requirements, or

needed liquidity, and C; is the firm's internal funds.

The reason why a lower reserve requirement raises investment is that banks will have
more internal funds and their cost of capital drops. A drop in the banks' cost of capital allows
them to extend lending to previously rationed firms.

Aggregate Savings and the General Equilibrium.

This article concludes with an analysis of aggregate savings in this ecoriomy. Assume that
there is a representative agent who lives in periods 0 and 1. The agent has exogenous endowmenfs
Eyand E). A government issues riskless bonds at # = 0 worth B and promising a rate of return Ry
Attime 7= 1 it imposes a lump sum tax of BRyon the agent. We assume that the proceeds of the
bond at time ¢ = 0 are not used for anything that the agent values, so that it does not enter into his

utility function.
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The agent owns shares in all companies’. We assume that those firms that do not get
funding liquidate their assets at £ = 0%, At = | all remaining cémpanies and banks liquidate their
assets in the form of a dividend, Expected dividends equal the expected equity value of the firm at
time £ = 1. We divide the companies in two types: Type 1 are firms that borrow from a bank,
while type 2 are firms that borrow from the bondmarket. Equation (37) presents an expression
for expected dividends. This equation uses the fact that banks and bondholders are competitive,
1.e. equations (32) and (15). Note that at the lower cutoff we have Dy(e) = eRysince at tis point

the firm is indifferent between undertaking the project or putting its money in a riskless asset.

At the upper cutoff we have D;(2 ) = D2(2 ) since at this point the firm is indifferent between
borrowing from the bank or from the bondholder. The derivatives of expected dividends are
shown in equations (38) and (39), which were obtained using equations (12), (13) (35), and
proposition 9. Equation (38) shows that expected dividends fall as the riskless interest rate rises.
Equation (39) says that firms with higher internal funds give larger expected dividends. These

expected dividends grow in a concave fashion, so D,e(x) < 0. This follows from propositions 5

and 9.
( m(x)
Di(x)=pn-Ry - fc(s,'g)f(s)ds -{l-eJn fore e [¢'2]
0
(37) DE) = 9 o
Dax)=u - Ry - f c(s,Dfs)ds fore e [e/1]
\ 0
dg;{(ﬂ _ _{l“e](lf'ﬁR](x)) <O fore e [¢2]
8) dDix) _ f 1-c(m:Dp(m)
dR -ec(m:Dp(n
% dDs(e) _ 1-ec(m; )p(m) <0 fore e [2:1]

B eelimBp(h)
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dDi(x) _ clmDp(mR+m 0

- . fore e [e;2]
(39 L&~ iy |
de dDolx) _ cmiDp(mBy £ 2/1]
Z ore e [g

1-c(m;1)p(m)
The representative agent is risk neutral with respect to states, but his utility function is

logarithmic with time: = Cj C: "* . Expected consumption at 7 = 1 - defined in equation (40) -

equals the expected return on savings plus dividends plus the exogenous endowment. S, is
invested in riskless bonds and/or in bonds whose expected return is Ry Sy can also be spent in the
banking business, whose expected returns are Ry In addition the agent has to pay taxes BR;
Finally the agent receives dividends from active firms and his exogenous endowment.
Consumption at 1= 0 - deﬁned n equation (41) - equals the initial endowment less savings plus

the liquidation value of noninvesting firms:

i
(40) €y = E(C 1) = (Sa- B)Ry+ JND(ex.)h(e)de + E,
£

e
(41) Cp= Eg- Sy + S Neh(e)de
0

The agent maximizes his utility with respect to S, Equation (42) displays the agent's first
order conditions. Aggregate savings - defined in equation (43) - equals private savings plus firms'
mternal funds minus government dissaving. Equations (44) and (45) show how changes in the risk

free rate and corporate funds affect aggregate savings. Equation (44) uses equation (3 8) and Dy(e)

= eRs .Di(2 ) = Dy(2 ). It says that aggregate savings rise with an increase in the risk free rate,
because of an income effect that reduces the present value of future dividends. Equation (45) uses

the fact that De(x.;;e=¢) = Ry and that D,,(x) < 0. It is positive since He(e,®) < 0 and D,(x) < Ry
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for e > ¢. It says that an increase in corporate cash flow raises aggregate savings. This result is a
consequence of larger corporate savings, which are only partly offset by a decline in private
saving. Finally one can show that a change in reserve requirements has no effect on savings. To

see this, one integrates equation (43) by parts and uses equation (38), and the fact that Diy(e) =

eRy, Di(e)= Da2).

e 1
42) [1-a]Colr=a Cy = S, = [I-a}{Eo + fNeh(e)de} +aB -%{ de(e)h(e)de + El]
0 e

=4 1 1

(43) 8§ = [1-a]{50+f Neh(e)de-B} %{f ND(x)h(e)de +E1J + SNen(eyde
0 e €

(a4) 2 dR "{fND(x)h(e)de +E1] ] [ NdD (x) ()d} >0

1 1
(45) g;‘i; m-{l-a]{ Hy(e, @)de %{ [Rr- D) ]Hle, ¢)de > 0

When Ry is zero then S(0) = -ce, and agents try to bring all their consumption to the first
period. When the riskless rate is oo all projects shut down, so ¢ = 1. At this rate savings equals

S(eo) = [1-a][Ey +NE{e}- B]. NE{e}represents all the corporate internal funds at t = 0. In

equilibrium aggregate investment - defined in equation (36) - must equal savings, as given in

equation (43). Proposition 10 shows that dl/dR;< 0. At Ry= 0 all firms borrow so 0) = N. No

firm borrows at rates greater than n so [(Ry) = 0 for Ry 2 (. There exists an equilibrium in this
economy as long as B < [1-a][E, +NE(e)]. This equilibrium - presented in figure 9 - determines

investment and the risk free interest rate. We obtain the following comparative statics:
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a) An increase in current output F, and a decrease in goverment bonds B or future income E|
raises investment and reduces the risk free rate. This follows since the savings equation shifts
upwards.

b) An increase in reserve requirements lowers investment and real interest rates, given that the
investment function shifts down but the savings function remains unperturbed. This result shows
that different policy measures - increase in the reserve requirement vs. open market operations in
(a) produce qualitatively different results in the economy.

¢} An increase in firms internal funds raises investment. The effect on the interest rate is
ambiguous since both the savings and ivestment functions shift upwards.

Figure 9 Equilibrium Investment

Investment

A =(1-a)(Eo+ Wo+ NE(e) - B)
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Conclusions

This paper analyzed why some firms borrow from intermediaries while others borrow
directly from the bondmarket. One easily observable variable that determines this choice is
corporate internal funds. Cash rich firms need not worry about costly reorganizations arising
from bond defaults, since this 1s unlikely. The main concern of a well endowed firm is to borrow
from the lender with the lowest cost of capital, i.e. directly from bondholder;s. On the other hand,
firms with less cash do need to worry about default and its consequences. These firms prefer to
borrow from intermediaries who are better able to deal with financial distress.

This article took a simple microeconomic model, and aggregated it into a macroeconomic
investment function. In the model, aggregate investment drops with an increase in the risk free
rate. The mechanism through which this happens is different from typical investment functions.
At high risk free rates agency costs become more pronounced, reducing the number of worthwhile
projects and investment. The model also shows that investment drops with a fall in corporate
cash flow. This violates results emanating from models based on perfect information, which say
that internal funds are irrelevant to investment. Finally, investment falls when cost of being a |
financial intermediary increases. These costs may rise if reserve requirements are raised, or if
intermediaries need a larger pool of liquid assets to satisfy their depositors, as happened during
the Great Depression, and in other episodes of bank runs in the United States. Intuitive as they
are, results of this nature are among the first to come out of a general equilibrium model where
aggregation is explicitly considered. The macroeconomic reslts of this paper transcend those of
standard IS-LM models. The aggregate behavior of bonds and ba-nk loans as a function of interest

rates and corporate and bank health is studied for the first time in this model.
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There are some research questions that need to be dealt more carefully in the future. First,
one needs to develop an investment function where firms havé more flexibility in choosing the
project size. Another important area of research is to develop a microeconomic model to
explicitly consider ’—zhe setup costs of becoming a bank (i.e. the nature of bank monitoring, and the
intermediaries’ need to have pools of liquid assets). Finally, it is important to replicate these
results for a dynamic economy. So far, this model has only two periods. In order to extend the
these results it is necessary to develop a coherent multiperiod security design model. This

problem is notoriously difficult, but it is a goal worth attaining,
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? An alternative set of assumptions that allows different distributions is:

i}ps)z0fors<M<oe,

2) ci{s)p(s) increases for all s.

3) ci(Mp(M) > 1

? See the proof of proposition 2.1 to see this result.

* It may seem strange that an aggregate risk factor such as y is costly to verify. If we believe, however, that the bank
cannot fully diversify all idiosyncratic risks away, it is possible that its earnings are in fact costly to verify.

* It may seem strange to readers that at this point I assume that the representative agent can effortlessly get dividends
from the banks or the companies, since this was exactly what the CSV framework negates. To justify this last
section, one has to invoke strong aggregation theorems - such as Eisenberg's aggregation - where each agents have
utility functions with special properties - properties satisfied in the present setup - and a fixed fraction of the
economy's endowment. This last condition is more difficult to defend.
¢ This assumption is not important, since even if these firms remained active and behaved as mutual funds (i.e. place
their internal cash in a riskless asset) the resuit remains the same.
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Appendix A Proofs

Proposition 1
There exists a unique unconstrained profit maximizing rate m*(x) < so.

Proof First we show that lim g, o {c(s5;Dp(s)} = o=. Consider a point z such that p(x) > 0. Equation (1.1) gives a
first inequality, which follows from Al.2. The second inequality follows from AS5.4. The result of this is given in
equation (1.2) -

(L.D) e(s:Dp(s) >e(s:DpE) > [(s-2) (s T+ e Dp(@) for z < s
(1.2) lim gy 0o {C(.S’,';)p(s)} = oo

Existence, Uniqueness: Equation (6) implies that sgn[Up,(x;1,m)] = sgn[1-con,;1)p(m)]. Equations (1.3)<1.5) below
and the intermediate value theorem (TVT) imply that there exists a unique bankruptcy rate m¥(x) < oo where c(m
Y Dp(7*(x)) = 1.This and the fact that {1-F(m)]{1-e] > 0 insure the existence of unique unconstrained rate m¥(x)
where Upn(x;1,7%(x)) = 0. A useful corollary is Upy(x;5,m) > 0 ¥ m < i(x) and Upy(eEm) <0 Y m > m¥(x) .

(1.3) ¢(0;)p(0) = 0 by A5.1
(1.4) fim 5y w {e(s:DP(s)} =00 by equation 1.2
(L3) dil-(s;Dp(s)yds <0 by A6.1

Maximality: The second order condition is given below. It proves that the point is a maximum;
Unms; &7 (2)) = -{1-FGR [ G DGty + cOm: Dp'(t)] < 0 o
Claim: A(%) > 0. Consider equations (16) -(1.10). Equation (1.10) is an exact Taylor expansion

(1.6) MO=0

L7y W= [1-Fem)|[1- comPpom)] ,
(1.8)  38>03V 0<x<3 then c(x;H)p(x)< 1 by continuity of c(m; Dp(m)
(19)  A®>0 V0<x<§by equation (1.8)

(1.10) X)) =XO0)y+81'® =861'® >0 o

Proposition 2 .
For Ry<p and e € (e¥(x), 1] there exists a unique bankruptcy rte m¥(x)e [0, m¥(x)} where V(eym¥(x)) = 0.
Proof. Consider equations (2.1) -(2.3). These equations and the IVT insure the existence of a unique bankruptcy rate
m¥(x) € {0, m¥(x)) 3 V(m¥(x)) = 0. Equation (2.4) shows the derivatives of m¥(x), which come by implicitly
differentiating equation (10}.

2D Vem=0)= - eRp >0  since Re<p.

2.2) Mxm¥(x)) < 0 since we assumed e > e¥(x) and by equation (5)
(2.3) Vi (erm) <0 by equation (5) -
@4y IO £ <0

B RO

Proposition 3



For Rye (u - (-:',f.l.} there exists a unique e%(x) € (e¥(x), 1] where bondholders break even €%(x) increases with Ry

and é"(Rf =p)=1. Proof: We prove the following ancillary proposition:

Lemma 4.1: For Rp< i then U(x.;;e=1;1,m) > 0. First, we establish a useful transformation of equation (3), using
the fact that the entrepreneurs’ participation constraint is binding, so ¥(x;m) =0V e > &"(x). Proof of lemma:
Equation (10} implies that at ¢ = 1 and Ry= | then m¥(x) = 0. This and equation (3.0) imply thatU(Rs=p.e =180
=0 and e?(Ry= ) = 1. Since URf(x;f,ﬁrd) = ec(m?, Dp(md) -1 < 0 then U(x_;e=1,7,m) > 0 for Rp<y ¢

mv:

(3.0y Ulx;t, m¥(x)) = 11 - Ry- jc(s;f)f(s)ds Vee (e¥(x). 1], Re>p- c
G

Proof of propesition
Equations (3.1) - (3.3 ) and the IVT insure the existence ¢f a unique rate e9(x) € (&%(x), 11 where bondholder's payoff

at the dual rate is ZCTOU{X_,',‘éo(x),';,.')-?d) = {). Equation (3.5) shows that this cutoff rate rises as the riskless interest
rate increases. Equation (3.3) implicitly differentiates equation {3.4) and uses the definition of the dual rate, as

defined in equations (10), {11}. Proposition 2 uses equations (3.0) and (12}. Note that since Rre (U - C M all

participation constraints are binding i.e. F(x;m) =0 forall e > e¥(x)

(3.1) Ulx2¥nmy < 0 since Ry > L - ¢ and by figure 2b

(3.2) Ulx.ie=1;t,m) > 0 from lemma 4.1

(3.3) Uplr;tai®) = (i, Dp(ithRp> 0 from (3) and by implicitly differentiating equation (10).
~d
e

deox) 1. et nplir -
R ReGid: hpeir)

)+

(3.4) Ulr.s2®(x)itmd) = 1 - Ry- JC(S,‘?)./’(S)G’SEO (3.5)
0

Propaosition 4

For ¢ € [e°(x).1] there exists one equilibrium m(x) € ({1-€}Rﬁ?;ld(x)] st Ul tbm(x)y =0 and Viem(x) = 0.
Proofi We first exstablish some ancilliary lemma:

Lemma 4.1: ¥ m <[1-e]Ry then Ulx:f,my <0
m m
- - nl -
Prooft Ulx:t,my=m[1-Fla] + J‘{s-c{s;t)]}’(s)ds - {1—6}fo [L-e][1-FTm)i[r- R + f{s-{i—e}RJ]f(S)ds - jc(s;!)/(s)a’s
0 0 0

The second equality follows from the economic prefit in equation (3) and by simple manipulation. The first
and second elements of the second identity are negative if » < Ry The third term is always negative, so we establish
lemma 4.1. +

Proof of the proposition: Consider equations {4.1)-(4.3). These and the IVT insure the existence of a unique rate
}x) e ([l-e],sz?rd(x)] where Ulx, £, m(x)) = 0 and F(x;m(x)) 2 0.

(4.1) Ulx 1 [1-e]Rp <0 By lemma 4.1.

(4.2) [:’(x;?,n'id{x)} > since e > 2%(x) by assumption



(4.3) Un‘,(x;:',m) >0 Vo <mi) < nr (x) By proposition 1's corollary +
Proposition 5 [dir(xyde] <0 [drx)/dRA > 1 Ve e [250x) 1]
Lemma 5.1 [1-e]Rp- m{1-Fm]{1-c(inpem] > 0.

Proofs Upym(x;tm) = flm)[L1-c(m;Dp(n)] + [1-Fm]ic (m; Dpm) + c(m;Dp'(m)] < 0. The concavity of the payoff

function follows from the fact that m < m¥(x), by proposition 1's corollary and by A6.1.We thus have inequalities
(5.1) and (5.2) Inequality {5.2) establishes lemma 5.1,

(5.1)  Ut0) <Ulxtan) = mUp(xhm) = -[1-€IRr< -[L-FOM[1-cOm pimin =
(5.2)  [1-elRr- [L-FOml[L-c(m:pGinin > 0 +
FProof of main proposition: The derivatives of equation (13} are presented in equations (5.3) - (5.5). The signs of

equations (5.3) and (3.4) follow from proposition 1's corcllary and lemma 3.1, Equations {5.6) and {3.7) use
tmpilicit function theorem.Equations (5.6) and (5.7) establish proposition 3.

(5.3) Udx;tm) = [1-e]{1-Fum)|[1-cim:Dplm] > 0

(5.4) Uplestm) = Ry = F{1-Fum [ L-c(i 1ptm] > 0

(5.5) Upfx;iiny = [i-e]<0

(5.6 22 - L) - R ] <0 by lemma 5.1
e i [1-FGni[i<enDpem)] :

oo O 1

(3.7) = - > ¢
aRf [1-FUmY[ L@ Dpom]

Proposition 6
AY At the bank profit maximizing rate we have %(x) = m¥(x) B) Ulxitm™ix)) 2 UG tm¥(x))

Proaf: A) Ulx;ym) is completely analogous to D{x;7,m), so that the existence, unzqueness and maximality of m¥(x)
can be proven by the reader following the arguments in proposition 1.This lemma establishes the relative

magnitudes of 21%(x) and p"(x). The partial derivative of U(x;gm) is given in equation {6.1). Equation (6.2) shows
this derivative evaluated at the unconstrained rate m%(x) for bondholders. This equation implies that the bank can
raise its rate to m*(x) > m¥“(x) so that the derivative equal zero. -

(6.1) Upy(x;4mm) = (1-Fum} 1= el Hp(n))
(6.2) Upilx;t )= [1-FOn')}[1- cOn; Dpr] > [1-Fn™)[1- e@n¥ Hp(nty} = 0

B) Ul Lo () 2 UG£ () = Uk L it(x) +

Proposition 7
A dix; m(x)) <0 e € [0, ¢°(x)) C) dix; m(x)) 2 0, de(x; mx)) <0 e € [E9(x),1)

B) dix; m¥(x)) 2 0, dplx; m(x)) > 0 e & {e°(x), #(x) D) d(x; mi(x)) = 0 e=1

Proof A)For e e [0, ¢(x)) then Ulx:tm) < 0 which gives A
B) Fore e [¢f(x), e°(x)) then U(x,‘jmd} 2 0. From equation (21} we find that Ue(x;_t,i_ud) >0 and thus:



1-e}Us(x:tm®) + Ulx;zm?
Ll iy =0 e(x’fl; -l]“; (x;2m®)

>0

C)fore e [€(x),1), the derivative of the maximal return function - in equation (13} - is given in equation (7.1)
Further manipulation vields equation (7.2), where A is defined in equation (7.3). The second equality in (7.3} uses
equation (13). Equation (7.4) performs some tedious manipulation, after integrates [c(s:)-c(s;D]As) and c{s;F)f(s) by
parts.

i
[ictsiote:o1asns

) - s = v o=
(7.1) do(x; () = felm H-clm: Dlp(mRy

[1¢] [L€][1- comDp ()]

(7.2) delx; m%(x)) = M1-€]?[1- cOmDpom)]

m
(73) A= [1- cOmp o?mof [o(s:Fcls: OYs)s ~[et e Dl 1-e1Ry

m m
= [1-c(m; ;)P(?;T)]oj fes:ye(s; DY s)ds-felm: Dc(m DYp (Y ([ 1-Fm)] + Oj [s-cm:D]fs)ds}y

m m
m
(7.4) A = ~[1c( .-Bp(ﬁmof [Ty s DFs)s Tt :?Mﬁr;n}{p(rﬁ)of s RS dsHmfmy+p () 0; sfis)ds - Fim)}

The first term in (7.4) in negative by A5.2. The last terms is negative. To see this we take a derivative of
the last three terms in the key brackets, redefined in equation (7.3). This derivative is given in equation (7.6). p'(x)
> 0 implies that f(x) > -p(x)flx). Hence, one can derive the inequality in equation (7.7). This last equation shows

that E(m) > £(0) = 0, and hence that A < 0. Introducing this term in equation (7.2) implies that the derivative is
negative, so dq{x; _md(x)) < { and proves the result.

m

(7.5) &0y = mflm) + p(m) gSﬂs)ds' -F(m) >0

m
(1.6) E'gry= mf(m) + p'(m) gsﬂs)ds + rp (i)

m
(7.7) E'G) > p'(om) gSﬂs)ds >0,

D) Resnlt D can be obtained using 'hopital's rule,

Proposition &
The equilibrium bank lending in this economy has :
A) The optimal set S*(nt) = [g €] satisfies the condition that e € S*(x) if and only if dx:m9(x)) 2 7. The optimal
pricing strategy is z1(x) such that A(m(x)} = [1-€)[Rr+ x].
B) gi(mRp 20, ea(mRp20; 21(mRHP <0, &2(mRpy 20
C) There is a unique 7(x) > 0 where markets clear. This premium has np, <0, n7 > 0. TRAx) is uncertain.



Lemma 8.1: ob/6A <0

FProoft Consider equations (8.1) - (8.3) Inequality (8.3) follows from the fact that at equilibrium thp(b) < 1, since
this rate is below the peak. Equations (8.2) , (8.3) and the implicit function theorem yield equation (8.4)

(8.1) Uy p (it b) = [1-GB){p(b) ~1bp(8)] >0
(8.2) Up(xitb)> Up{x:L,0)=0 since b>0
(8.3) Uplxin,by= A[1-G(B)]1p(b) -1bp(b)] > 0
(8.4) g—f’\ = U, (s L0j{Up(xith) <0+

Proof of Proposition 84: We will prove this part of the proposition by contradiction. We will show how seis
different from 5* allow for profitable deviations:

I} A set S sach that S S*(r) # & and § ~ §*.{n) # @ for some w admits profitable deviations. To show this

consider a set &9 satisfying conditions i-iii. It is always feasible to construct §9. given the conditions on S above.
We then constuct subsets /1 /2 73

) SIS Sy e S*n) i) SV(S9n 8y e S*(m) i) LS9 = L(S)
I1 =5~ Iy = SN A S e S*r) 13= (&~ S)e S¥m)

For these sets, the banks' pricing policy is as follows:

iy Fore € 71 charge m'(x} = m(x) so that A(m'(x)} = Alm(x)

i) Fore € [y charge m'(x) so that Am(x)) = [1-e]{Rp+ m].
iii) For e € /3 m(x) can only yield A(m(x)) < [1-e][Rr+ =],

Step 1: For any fixed L, we show that the expected return of the deviation pertfelio is greater than the
original portfolio so A(x;Sd) > A(x;S) First we exploit the fact that the ioan size is the same in both portfolios and
our definition of the different sets to obtain equation {8.7). Equations (8.8) and (8.9) exhibit the revenue for both
portfolios, and equation (8.10) takes the difference,

(8.3) Li:Shy = [Mi-elhie)de= [Nli-elh(e)de = L(x:5)

ee ecs
(8.6) L(Sﬁ);ﬁ\[ [[1-clie)de + | [l—f]fv(e}de] =N [[-ele)de+ | {imejh(e)de} = L(S)
ec]] eelp eef] ecly

(8.7 [Ml-elle)de=  [Nll-cli(e)de )
eel es /3

(8.8) Al &N = ]\J[ j_?;(m(x))h(e)de + IL{Jrz(x))ia(e)de:E

eely ecly
(8.9) A(x;S) = [Almx)hie)de + | zt_{i?i{x))h(e}de]
eely ecl3

(8.10) Alx:5%) - A(x:S) = f?_k(m(x))h(e)de - fL{m(x))h(e)de]

eels eclz

We obtain inequalities {8.11) and (8.12) by using the fact that fore e [3 then A{m{x)) = [Iue](Rf# 7ty and for firms ¢
¢ I3 then Alm{x) < [1-e][Ryt w]. We obtain the inequality in equation (8.13) by combining equations (8.7) and
(8.10)-(8.12). This proves step 1 of the proposition.



(8.11) [N Mm(x)h(e)de = [NRA myf1-elin(e)de
eely eefy

(8.12) [N AUm(x)h(e)de < [N@R+ m1-elh(e)de
ecl3 eel3

(8.13) A% - A(x:S) > MR+ m] [ Jli-lne)de - | [l—e}h(e}de:l =0

eel cely

Step 20 We will show that the bank's expected payoff is higher under set $¢ than under S. First, lemma 8.1 insures
that 59 < b, Expected bank payoffs are given in equations (8.14) and (8.15), and their difference is displaved in
equation (8.16), which uses the previous step i.e. A(x;S7) > A(x;S)y and lemma 8.1, i.e b9 < b This establishes that
S admits profitable deviations:

Vv
(8.14) Ulx;zS9) = A(x;59) | {[y-bd]g(y)dy - WRy
b(

v

(B15) Ulx18) = A@xS) [Iv-blg(idy - WRy
b

b v
(8.16) Uit Sy - Ui S) = A S J,Ly—bf’]gcv)civ + JUAS A 5] +AG:SHIB - 57 g0y 2 0 o
bt b

Iy A pertlolio {m(x),S*¥x) = [2.&] } where mix) has Afn(xy) < [1-e](Rr+ =) for some subset of S, of S*(n) is not an
equilibrium, Define a constant ¢ as below. To show this consider a set 59 satisfying conditions i-iii. It is always
feasible to construct S9, given the conditions on S above. We then constuct subsels I, I3

eEMAN , o g (A 1el} <(Rprm) Sy={ee S*(n): Am'(x) 2 {1-elc for an incentive compatible n'(x)}

SN D) e Sy i) SV (S9N 8 € Su(m) i) L(89) = L(S)
=55 D=8 ~ S e S,m) I3 =58 S)e Sym)

For these subsets, the banks' pricing policy is shown below. Repeating the steps in IA, This setup allows us 1o
show that portfolio is a profitable deviation i.e. that Al &) > A(S) and Uix £ 59) > Ux,1.5):

iy Fore e /1 charge m'(x) = m{x) so that Anr(x)) = Aomi{x)
i) Fore e Iy charge m'(x) so that Aon'(x)) = [1-e]e

i} Fore e I3 m(x) canondy yield Am(x)) < [l-elc +

HI) Suppose that we have {r(e), S¥(xr) = [e.2] } with subsets Sy, Syp where A fl-e] <e < AV (1-e" for all
€ € Spq ¢ € Sgp . Then this pricing admits profitable deviations. Consider a bank with a loan portfolio S such that
(8 Sog) # @ and (5S¢~ Syp) # @ .This is always possible as long as we have more than one bank in this
economy. Construct the following deviation portfolio and pricing policy §¢ satisfying conditions i-iii. It is always
feasible to construct S7, given the conditions on S above. We then constuct subsets I i

D SNSTAS) € Sop 0SSy e S, iii) L(S7) = L(S)
L=5nS§, =SS~ 5 e S, I3 =S\($7 8) e S,,

For these subsets, the banks' pricing policy is shown below. Repeating the steps in 1A, This setup allows us to
show that pertfolio is a profitable deviation i.e. that A{x;Sd) > A(x;8) and U(x; £ 89) > Uix;;S). This says that



whenever there is more than one bank, there can be no price discrimination of different projects. Points I-III prove
part A of proposition 8 A

i)Fore e I} charge m'(x) = m(x) so that A(n'(x)) = A{m{x))

i) Fore e [p charge m'(x) so that L(m'(x)) =[i-e]c

ili) For e & J3 mx) can only yield Alm(x)) <[l-e]c +

Proof of Proposition 8 B :
Proof: First define sets C, C', D, and D". From these sets, we can define the cutoff rates in equations (8.17) and

(8.18). Equation (12) tells us that e(x) increases with the riskless rate. The derivatives ofg*(m. Ry are shown in
equations (8.19) and (8.20) by implicit differentiation of equations (8.17), (8.18) and by using equations (22) and
{23). Equations (8.21) and (8.22) prove the first part of this lemma, where I¢ is an indicator function.

C= {lemRr); Ubgim)-[l-eln= 0, ¢g< )y C'= {lenRr) Ulsgm)-[le]nz 0, ¢g< ec(x)}
D={EnRe) Utm)-(1-&n= 0, ezex)y D'= {(&mRp); Uligmy-{(1-8)m = 0, & 2 &5(x)}

_teg®mRp defined by Uity - (l-e¥m= 0 V (gnRr)e C
(8.17) _e_{rt,Rf)~{U 9 j;/(g_.dﬁ,Rf)E o

e* / ; - (1-2¥) = 5
(8.18) ¢(n.R) = (—? (mRy) defined by UQx;tm)- (1-2%)m = O V(&mRr)e D
“) Y @nRr)ye D

O .o leciupolw)
B19) e[ = o hr TR 20 (820) g R) = moptar, +x 2 0 VeREEC
(821) el(nR) = e;(mRYC 20 (822) ex(mRp = ey(mRYC 20

We can obtain the derfvatives of the upper cutoff by implictly differentiating equation (8, 18) Let us first remind the
reader of the way in which the bank’s payoff Jooks like, in equation (8.23). Equation (8.24) takes the derivative with
respect top e. The identity in equation (8.24) uses equations (8.18), (8.23) and lemma 7C. Equations {8.23) and
(8.26) represent the denvatives of the upper cutoff rate, using equations (8.24) and (18). Equations (8.27) and (8.28)
establish proposition 8B

i

(8.23) Ulx:t, mfx) = J. le(s:D-c(s; DIs)ds > 0 Vee [0
0
n
- i J[C{S.’?)-c(s;g)}f(s)dy N )
(8.29) Uutit, o) v =~ (SRR 2 : - [l GiRy
- clmisyp i) : 1-e* 1- c(m Npm)

= [1-%]dp{x; m(x)} <0

1-¢*

et ) +m

(8.25) &(m Ry = v @mR) € D

[etin D-c(mNlp U154 >0 V(&rRr)eD

(8.26) & (m R = - - >
- (1= i OpGn I Ul m(x)} + 1)

(8.27) é1(mRp = éI(n,R/)ID <O (8.28) &(mRp = é;(me)]D + [déc/dRALL- Ip] 20 o



Proof of Proposition 8 C -

The equilibrium conditions in an economy imply that a) bondholders are making no economic profits b)
banks are not making economic profits: this is a no entry condition. ¢) Each bank with funds W, chooses how much
in loans Z; to make, such that they maximize profits. They take the pricing policy m{x) as given, and so do
bondhoelders. This implies that neither banks nor bondholders consider the impact on the pricing that ocurrs with a
change in loan size. The equilibrium conditions are given in equations (8.29) - (8.32)

by
(8.29) UGxit,by,S; ) = [m+RAL b{1-G(p )] + ,[y[l-?lg(y)dv (L - [IYIWRy =0 Y i
0

Vv
(8.30) Ulxit8:,8;) = [R+RAL; [ly-bilg()dy - WiRr =0V i bank zero profits
b .

!

14
:LS. 1" WR . I .
{831) Eg-%,ff*fm’"}c [Rpt m] J'{y-b;-]g(v)dy - —[—Y_]~'—f— =0 profit maximization
o bi Lifl-tbip(bi]l
(8.32) XL;=L(mRp market clearing
i

This first order condition in equation (8.31) used equations (8.30) and (8.29) With these equilibrium
conditions we want to find out the equilibrium bankruptcy point 4; and leverage L; faced by each bank. We also
want to tie down the equilibrium premium nt and aggregate bank capital /. Combining equations (8.30) and (8.31)
we obtain equation (8.33). Thus each bank faces the same bankrupicy point. Equation (8.34) presents each bank's
leverage, which was obtained by combining equations (8.29) and (8.30), In equation (8.33) we obtain an expressicn

for the premium, after combining equations (8.29), (8.33) and (8.34). One can verify that P(b)y >0, POy = 1 < 1
and that 7{0} = 0. The derivatives of this premium are shown in equation (8.33a)

]

(8.33) v~ 1h;p(bjy =0 = b;=b, = b(y) and b'(y) = >0
ipb)ytbpb)]
b
L ~ Wiy
(8.34) L R [+R)] 1—(_)".{»g(v)nfv -Rpl = L,'“Lj-

v b
(8335)m =Ry [M] >0 where P(h)= {bp(b}j[y-b]g(v)c{v + jyg{y)afv:l
b 0

1-P(5)
AT F_PB). dr _RpP(5)b(y) d’m__ PUbBY)
(8.35a) aR; [1~P(b)] >0 it PG >0 Ry (PO >0

Introducing equation (8.35) in (8.34) gives a simplified expression for bank leverage, which is shown in
equation (8.34"), This implies that in equilibrium, bank loans exceed bank internal funds, so that these specialized
lenders are indeed acting as financial intermediaries. Equation (8.36) shows how leverage increases with rises in the
reserve requirement. Finally, the aggregate amount of bank capital in this economy is given in equation (3.37)
where L{m,Ry} is defined in equation (29'). In order to have a positive amount of bank loans, we impose that = < g*

= d(éc(x),x_,-;md{x)), where we used the definitions in equations (12) and (23). If this condition where violated, there

would be no bank loans in the economy, for banks could not find projects with the appropriate rate of return. These
last equations finish the proof of proposition 8C.
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o bf Dbty v, [i-G(b>]+OJy[1-F] gy
{8.34')L—: = re (1 y] =iby=1- 50) <1

b
ﬂ = b‘ i - - __ I/ - . 7
(8.36) - whww[ T {[1 GOM1-PEN[1-bp(d)]+P'(5) (1 G(b)]-i—oj-y[l 7 g(y)aiuJ} <0

_L(nRp |
(837) W= T30 bjg»blg(y)dv

Proposition 9: Firms with funds e € [g &} face a contractual interest rate r(x) with ry(x) <0 for
xi=e rxi{x) >0 forx;="YRp

FProof: Fore € [¢ ] the bank payoff equals zero, as defined in equation (9.1). The derivatives of the interest rate are
shown in equations {9.2) - (9.4). They are obtained by implicitly equation differentiating (9.1). The sign of equation
{9.2) is positive by similar arguments to those of propesition 5. The sign of equations (9.3) and (9.4} was found
using the results of equation (35)

(9.0) Ut = gl 1-Fon] + j— [s-c(s:D1s)ds — [L-e][m +RA =
4

drlx) _ 1 ’ n+Ry
O w5 = 1 W [I—F(m)][l-c(m)p(m)l} <0
or(x) 1+7pAx)
O3 3R T TeRwil-cte op@D] &
04y L0 : dn <0 »

dy  [1-Femili-clmnpin)] dy

Proposition 10
Investment increases with an improvement in corperate internal funds, and with a drop in the risk free rate or the
reserve requirement: thus Jy;(x) > 0 for x; = @ and Zy(x) < 0 for x; = yv.Ry

Proof

(10.1) I{y.R7:0) = -NA(2)e) (L RAT(Y.Rp) > 0 .
Equation (10.1} uses proposition 8B and eguaticn (8.34). To proove that IR/(v.Rp®)y <0 we need 1o show that the
lower cutoff rate increases with Ry i.e. equation (10.2). This is true by equation (8.34) and proposition 8B.
Equation (10.3) shows that the upper cutoff rate increases with an increase in the risk free rate. The second line uses
the derivative in equaticn (8.34) and in proposition 8B, equations (8.25) and (8.26). The last line uses the
condition in equation (8.33) and proposition 8B, equation (8.24).

dn
{10, 2)(/]?[ el(n’Rj)}'ﬁ} texmRpy >0
. dr . 1-2* Pb) Le(nn-cm:0))p(m)[1-2%]
(103) % = B RYE + axmRp = [ - -
ary Pary D7 Ut ¥y +7 | 176) [1- O DpER Vet ) + 7]
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RAUe(x:t, mA(x)) '*ﬂ][_“ [1- c(m; Hp(m)] By

Investment behavior following a rise in the risk free rate is given in equation (10.4). We obtained this
inequality with the help of equations (10.2). Equation (10.5) considers a generalized increase in company cash flow,
where Hyle, @) < 0. These two last equations prove the proposition

d
(10.4) IRATR56) = -Nh(e) 3}%} <0

(10.5) JoVRrQ) =-NHi2.9)>0 o

Appendix B Joint distribution function

In this appendix I will derive the joint distribution function of a portfolio of risky bank loans. First we need
to set up some useful notation. We wili work with a probability space ([0,11, B([0,1]), /) . B([0,1] is the Borel
sigma field of the interval [0,1] and ¥ is a measure which is absolutely continuous with respect to the Lebesgue
measure, We have a continuum of random variables s : {se : ¢ € [0,1]} which is called a process. Each random
variable s, is the return on a project with internal funds e. From the setup of our mode] the variables are identically,
but not necessanly independently distributed. Now we will deform these random variables as follows:

Se = cb(se) Y5, <m

B1. ZQ(Seom) m{ﬂl v Sg 2m

This payoff basically tracks the returns of a risky loan made to a firm ¢, charging an amount m = [1-ejr.
Note that this new variable is continuous a.¢. We can construct the endogenous process z : {Zg(se.m) e & [0,171} .

Case 1: Exogenous shocks

We will assume that the project returns s, are mutually independent. It is clear then that the variables z, are
independent t0o (sce Amemiya 1994 Proposition 3.5.1). The bank then is facing purely idiosyncratic risk when
lending to firms (see Al-Najjar (1994), section 2.3). The random variables can then be decomposed as follows:

B2, zo(se,m) = Elzo{se,m)] + (Ze(Sesm)-Elze(Se.m)]) = Aim) + Ye(se,m)

Where Yp(s¢,m) is 2 mean zero independent and bounded r.v. Al-Najjar (1994) shows in Theorem ! of his
paper that a process that can be so decompased, then a "law of large munbers” applies. This LLN is done by an
approximation of large samples (see section 2.7 in Al-Najjar for more on this). Applying his Theorem 18 gives:

P

B3. [ze(sem)dH(eMde = [NA(m(x))dH(e)de=A(S.Rp
eeS ecS

Where the first integral is a Pettis Integral, and the second integral is the standard Lebesgue integral. If the
set S is compact and the function A is continuous a.e. then the Lebesgue integral is the same as the Riemann
integral. The result in Al-Najjar says that the idiosyncratic shocks are diversified away in integration. To this
portfolio I will attach an exogenous shock y € {0,v] with a distribution g()) and that E(3) = 1. One can think of the
exogenous shock as an economywide interest or inflation risk, Adding an exogenous shock has then been shown to
be an admissible mathematical construct.

Case 2. Endogenous Shock

8 See especially the proof ii) -> iv)
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First let us choose 82 > 0, and assume that the risk free rate Rf> 8. We have two areas to study:
1)e<1-8 We assume the following decomposition of z.:

B2 z.(Mey, my=A(m)y + [Alm)y (3)(?13,;1?} SAmyl=go+hy, Vee [0,1-8)

Where ne is an independent r.v. and y is an apgregate shock. We assume that v is a bounded random
variable y € [0.v] with a distribution g(») and that £(») = 1 . In addition we assume that v & (1, 3%/A(52)]. ¢(nem)
is a bounded and independent random variable with expected value of 1. ¢(nie,m) € {0, mAVA(MY)] where mAJ{m) >
1. This is true since:

m_ &2
M8

Incquality B3. follows from the fact that m/Adm) is an increasing function, since A'(m) >0, A"Un) <0 and
A0) = 0. We know that i > 82 since m = {1-elr > [1-e]Ry > 2. All these precautions were necessary o ensure that
the decomposition in B.2 satisfies the properties of the debt payoff i.e z,e {0.m]. g, is an aggregate risk and A, is
purely idiosyncratic risk in Al-Najjar's notation {sections 2.3 and 2.4).

2v Vom>§2

ii) e = 1- & the decomposition that we did in i) can not be replicated since the variable z, could be greater than m.
Hence we assume that for ¢ 2 1- 8 5, are mutually independent. We also assume that the random variable is hit by
an exogenous shock y e [0,v] which is the same as our aggregate shock for the lower range. Hence we obtain;

B4 2y =yze = M)y + [Amy 0'(em) - My | = g+ Ve e [1-61]
Again, this variable is decomposed into an aggregate and idiosyncratic element Just as in equation B2. We can now

apply a Law of large numbers for the payoff of lending to risky firms. Again we apply Al-Najjar (1994) Theorem 1
and obtain:

P .
BS. [zu(sem)dHie)e = [NAmyvdH(e)de = ARy
e S ee

Where again the first integral is a Pettis integral. The second integral is a Lebesgue integral times the
aggregate misk. Note that this too justifies our assumption about how the aggregate loan pavoff looks like. Since we
only have one source of aggregate risk in this article, we can simplify Al-Najjar's formulation, The Bochner and
Lebesgue integrals are the same when there is only one source of risk. For more on this see appendix A.3 in Al-
Najjar (1994). Another important point is that the Law of Large Numbers used by Al-Najjar uses a sequence of
"simple” series, which is discussed in Section 2.7 of his paper.
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