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Abstract

We examine the optimal trading strategy for an investment fund which in the absence of
transactions costs would like to maintain assets in exogenously fixed proportions, e.g. 60/30/10 in
stocks, bonds and cash. Transactions costs are assumed to be proportional, but may differ with
buying and selling, and may include a (positive) capital gainstax component.

We show that the optimal policy involves a no-trade region about the target stock proportions. As
long as the actual proportions remain inside this region, no trading should occur. When proportions
are outside the region, trading should be undertaken to move the ratio to the region’s boundary. We
compute the optimal multi-asset no-trade region and resulting annual turnover and tracking error of
the optimal strategy. Almost surely, the strategy will require trading just one risky asset at any
moment, although which asset is traded varies stochastically through time. Compared to the current
practice of periodic rebalancing of all assetsto their target proportions, the optimal strategy with the
same degree of tracking error will reduce turnover by aimost 50%.

The optima response to a capital gains tax is to alow proportions to substantially exceed their

target levels before selling. When an asset’'s proportion exceeds a critical level, selling should
occur to bring it back to that critical level. Capital gains taxes lead to lower optirtial
investment levels. Similarly, starting from a zero-investment position, it is optimal to invest less
initially in asset classes that have high transactions costs, such as emerging markets. Our analysis
makes precise the effects of transactions costs on optimal initial investment and subsequent trading.
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comments. Hui Ou-Yang provided insights into the solution to the multi-asset problem. Klaus Toft
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Rebalancing in the Presence of Transactions Costs and Capital gains Taxes,” September 1997.



OPTIMAL PORTFOLIO MANAGEMENT WITH

TRANSACTIONS COSTSAND CAPITAL GAINSTAXES

|. Introduction

Many investors, both ingtitutional and private, state their investment strategy in terms of desired asset
proportions, such as a 60/40 ratio of stocks to bonds, or 40/40/20 proportions of domestic assets, foreign
assets, and cash. As asset values move randomly, asset ratios diverge from their targets. But when asset
returns follow adiffusion process, it iswell known (e.g. Leland [1985]) that an infinite amount of trading
is required to keep assets continuoudy at their target proportions. This creates a problem: frequent
readjustments to keep assets close to their target levels will incur high trading costs. But infrequent

revision will create “tracking error” relative to the ideal portfolio.

Typical current practice is to "rebalance" to desired target proportions on a periodic basis, e.g. quarterly or
annually. Less frequent rebalancing lowers the expected amount of trading, but creates higher average
deviations from the desired asset ratios. But the conventional strategy of periodic rebalancing to the target
ratios will not be optimal when transactions costs are proportional to the dollar amounts traded. Work by
Magill and Constantinides [1976], Taksar, Klass, and Assaf [1988], and Davis and Norman [1990] on the
single risky asset case shows that the optimal strategy is characterized by a "no trade" interval about the
target risky asset proportion. When the proportion varies randomly within this interval, no trading is

needed. When the risky asset ratio moves outside the no-trade interval, it should be adjusted back to the



nearest edge of the interval--not to the target proportion.' Dixit [1991], Dumas [1991], and Shreve and
Sohner [1994] provide further mathematical results for this and related problems with a single risky asset,
based on work by Harrison and Taksar [1983], Harrison [1985] and others on regulated Brownian
motion.”> Akian, Menaldi, and Sulem [1996] consider a multi-dimensional version of Davis and Norman
[1990]. Dixit [1997] and Eberly and Van Mieghem [1997] examine the related problem of a profit-

maximizing firm facing partially-irreversible investment decisionsin multiple factors of production.

Our work differs from previous work in several ways. First, our focus is on managing portfolios that

have a given set of target or “ideal” asset ratiodMany large investors, including pension funds,

formulate their investment strategies in terms of desired long-run asset alocation ratios. These ratios are

based on perceived risks and returns, for example using a mean-variance optimization approach, and

typically do not adjust for transactions costs. * Rather than assuming a specific utility function over wealth

(which investment managers can rarely specify), we postulate a “loss function” that is natural to many
portfolio managers: the sum of trading costs and the costs associatedhelthy error--divergences

from the desired target ratios. This permits a possible distinction between risk aversion for asset selection

and risk aversion towards tracking error, a distinction that many practitioners consider iniportant.

! Theintuition behind this result is as follows. Theloss L from diverging from the optimal ratio is (approximately)
U-shaped. Because it isflat at the bottom, very little loss reduction results from moving the last small amount to the
optimum ratio; the gain is of second order, and insufficient to justify the (first order) trading costs.

? Related problems include the optimal cash management problem examined by Connor and Leland [1995] and the
option replication problem in the presence of transactions costs (see, e.g., Leland [1985] and Hodges and Neuberger
[1989)).

¥ Anad hoc approach has been to adjust the mean return of an asset or asset class downwards to reflect trading
costs. This approach is erroneous, as discussed in Section X.

* See, for example, Grinold and Kahn (1995).



Second, we develop a technique for estimating the expected turnover and the expected tracking
error of arbitrary policies. This allows an investor to assess the tradeoff between the required volume
of trading and the tracking accuracy of alternative efficient policies, and to compute the loss associated
with following sub-optimal strategies. There are important cost savings to be realized from following
optimal rebalancing strategies rather than traditional periodic rebalancing strategies. For the same

average tracking error, the optimal strategy will reduce trading costs by almost 50%.

Third, we examine the effects of capital gains taxes on optimal trading strategies. Capital gains taxes
can be deferred by not selling—but not selling an asset may lead the portfolio to become dangerously

over-invested in that asset. We determine an investor’s optimal strategy when facing a capital gains tax.

Fourth, we can use our resultsei@mine important tax and regulatory policy questions. For example,
how would a “transactions tax” on portfolio trading, or a capital gains tax on sales, affect the long-term
average volume of trading? We show below that, under reasonable assumptions, a 2% transactions tax

could cut trading by over 40%.

Finally, we consider howrading costs affects the optimal initial investments in different asset classes.

Popular wisdom holds that trading costs should be modsleatiucing the expected return of an asset,

with a consequent scaling back of the amount invested in that asset. But we show that this will not be a
correct approach. Initial investments tleateed ideal levels may be optimal for an asset that incurs
trading costs, if those costs are smaller than those of other correlated assets. Furthermore, if an investor

should initially hold alarger position than the target amount, it may well be optimal to retain that



position. Our results permit a rigorous examination of the impact of trading costs on the optimal holding

of assets.

[I. Asset Price and Proportion Dynamics

Consider dollar holdings S of asset i which evolve as aregulated logarithmic Brownian motion, 1 > t:

D dS(t) = wSdt+a0i Sdz(r) +dLi(t) — dM(t) i=0,...,N,
with initial values

St) = S i=0,...,N.

where the dZare the increments to a joint Wiener process with correlagpnsS(t) denotes the left-
hand limit of the process &t time t. By assumption, asset i = O is riskfree, with 0 anduo =r. L(1)

and M(t) are right-continuous and nondecreasing cumulakli@r purchases and sales of asset i on [t,

1], respectively, with I(t) = Mi(t) = 0. Note thatinitial trades (purchases or sales) of asset i are given

by Li(t) or Mi(t).
For simplicity, it is assumed that any transactions costs incurred will be paid by additional contributions
to the fund. With this exception, there are no net contributions or withdrawals from the investor's

holdings, implying a self-financing constraint

Zio(dLi(t) —dM(t)) = O, for alf.



Let p denote the column vector (s ,....un ) of instantaneous expected rates of return of the risky assets,

and V denote the instantaneous variance covariance matrix of risky rates of return, with elements p; i g;,

i,j=1, ..., N. Letsi, denote the summation operator over all assets, i = 0,..., N3; aehote the

summation operator over risky assets i = 1,...,N.

Define the following:

W(t) =Zi0S (1):

wi (1) = S(D/W() :

w(1):

Wi .

Then

investor wealth at timg assumed strictly positive for al t.°

the proportion of wealth held in risky assetiattime =0, ...,N.

Notes;owi(t) = 1.

the vector of the risky assets proportionér)y i=1,...,N.

the vector of initial asset proportiong(ty) = S/W(t), i=1,...,N.

the (given) target proportion of wealth in asset i, i=0,...,N.
NoteSiow; = 1.

the vector of target risky asset proportiorfs w i=1,.. N.

> Sufficient conditions for nonnegative wealth are that no short positions or borrowing be allowed. While
satisfied by the examples we construct below, these are not necessary conditions.



dW(D)/W(1)  =ZiodS (1)/W(1)
=Ziopi (S(M/W(D)dt + Zioai (S (1)/W(1))dZ + Zio(dLi(t) — dM(1))
=SiopiWi(T)dt + Ziooiwi(1)dZ,

=+ (w-nNw(ndr + Zioiwi(t)dZ

where the first line follows from the definition of \fy(the second line uses equation (1), the third utilizes

the definition of w(t) and the self-financing constraint, and the last follows frefity« 1 -5 wi (1).

The weights w(t) will be changing through time, but typically will be close tp when assets are

optimally traded. Thus to a close order of approximation,

@) dW@/W(E) = Souw ot + Soaiwi dZ.
= (r+5 (W - NwW)dt + Sioiw dz;.

Define

oo = TS nw

ow’ = i 5 Wi Wi pioic)

Oiw = 0i2j VVJ'*pii 0j
Observe

pwdt = E[dW/W]

ow’ dr = E[(dW/WY]

and, when there is no trading (ft).= dM(t) = 0),

owdt = E[(dS/S)(dW/w)]



Since wi(t) = S(1)/W(1), it follows from 1to’s Lemma that

3 awi (1) = (Wi - pw + ow’ - ow) Wi dt +aiw; dZ; - (5 Gjo* dz;) wi + dwi(t),

where dwi(t) = (dLi(t) — dM(1))/W(1).

The nonnegative processty(s thus right continuous with left-hand limit. Define

a |J.i'lJ.W+O'W2'O'iW

2
Qij Oi 0j Pij - Oiw - Ojw + Ow ,

and leta and Q represent the (1xN) vector and (NxN) matrix with elemenémd g, respectively.

Note that, when there is no trading {@d).= dMi(t) = 0),

aw;dt E[dwi]

Qi Wi W dt E[dwidw].

[11. Thelnvestor’s Objective

The investor wishes to hold risky assets in target proportionsDivergence between the actual ratios
w(t) and w creates an expected utility loss resulting from “tracking error”. This loss can be reduced by
trading more frequently—but more frequent trading will lead to greater transactions costs. The optimal

investment strategy will minimize the sum of tracking error costs and trading costs.

® Observe that the dynamics of the w; (1) can vary significantly from the dynamics of the S (1). For example, if
there are two positively correlated risky assets whose weights sum to one (implying wo (t) = 0), then dw; (t)/wi (t) will
be perfectly negatively correlated, i = 1,2.



Ill.a. Tracking Error

The incremental loss dU(t) of utility at time t, measured in dollar terms, is assumed proportional to the

variance of tracking error—the variance of rate of return from holding assets in proporfjoratvér

than w over the interval

(4) du) = AW -w(@D) VW -w)dr,

where primes denote transposes Riglithe investor's "price of tracking errdr."

[11.b. Trading Costs

Over an infinite horizon, the investor wishes to minimize the discounted integral of tracking error losses

dU(r), plus the discounted trading costs associated with adjusting asset proportjonswéding costs

are assumed to be proportional to the dollar amount of trades. The analysis immediately below assumes

that buying and selling costs are the same. Later, costs are allowed to vary with the type of transaction.

" Equation (4) can be justified by assuming mean-variance preferences over rates of return to wealth. In that case,
(4) can be expressed as the difference between mean-variance utility at w and at w(t):

L@  =[u-ry w d-[*. AW VW d;[] - [(u-r) w(t) dt- A w(t)' V w(t) di]
=AW -w(@)'V (W - w(r))dr,

where )\ is the price of portfolio risk (variance), and the second line uses the mean-variance optima portfolio
condition that W' = (U2\)V (i - ).

Note that this rationale would imply that the same "A" is used to choose the optimal portfolio and to price
tracking error. More generaly, however, we can separate the two. Revealed behavior by portfolio managers suggests
that tracking error is often accorded a higher cost than the A implied by the selection of asset proportions.



Define

ki: the transactions cost per dollar of asset i traded®,

k: the vector of costsky, ..., kn .

We assumethe riskless asset (i = 0) is costlessto trade.

Recalling dwi (1) = (dLi(t) — dM(1))/W(1), the incremental trading costs; () of asset i at time t will be

dTi(r) = kW(T)[dw; (1)|-

Since the loss (4) is expressed in terms of the tracking error on portfolio rates of return (i.e. dollar return
divided by wealth), we also normalize dollar transactions cost by weat)h Difine

dTG (1) = klowi(1)l.

Therefore, at any time t, the change @t cost per unit wealth of tracking error plus trading cost will be

given by

(®) dC() duf) +=dTG(1)

A (WD) -w )V (W) -w) dr + K Bw(D)l-

[11.c. Total Discounted Costs

8 Alternatively, proportional transactions costs which vary with buying and selling could be represented by k;. for
purchases dL;, and k;. for sdlesdM;. See, for example, Section VI11(b) below.

10



The present value of future expected costs J(x; B) at time t depends on the chosen trading strategy 3
(defined more specifically below) and on the initial asset proportions x before trade, where x = w(t). Jis

the discounted integral of expected future costsdC(t), t < 1< oo:

106 B) = Elfe "V dC(D) | x. ]

= E{ e A((r) ~ W)V (w(r) - w)ek + [ Ik] () | | . ]

J(x; B) is convex in X as the instantaneous cost function dC is strictly convex and the cost of trading is

proportional to trade size (see Harrison and Taksar [1983] and Dumas [1991]).°

Following the insights of Magill and Constantinides [1976] and the results of Davis and Norman [1990]
for a single control variable, and the results of Akian, Menadi, and Sulem [1996] and Eberly and Van
Mieghem [1997] for N-dimensional control, the optimal trading strategy will describe a connected
compact no-trade (or “continuation”) regiony & R" when Jisconvex in x. Inthecaseof asingle risky

asset, where w isascaar, the no-trade regionisan interval: x = [Winin, Winex]

When x ¢ x, no initial trading takes place and w(t) = w(t) = x. If x O, initia trading is required and

® The interested reader may wonder whether our approach is consistent with expected utility maximization,
and whether w* should itself be a function of transactions costs. Our approach generates optimal strategies for an
investor seeking to maximize the expected integral of discounted utility, with a mean-variance utility function over
instantaneous rates of return and a price of risk (variance) = A: At each moment in time, instantaneous mean-
variance utility U(w(t)) can (from footnote (6)) be expressed as U(w(1)) = U(W*) - A(W*- w(T))'V(W*- w( 1)).
Since U(w*) is a constant given our stationarity assumptioasimizing the discounted integral of U(w(t)) less
transactions costs is the samem@mizing the discounted integral of(w*- w(t))'V(w*- w( 1)) plus transactions
costs—which is precisely our J.

11



w(t) = x + dw(t) € x.m Similar to the results of the previously cited papers, when transactions costs are
proportional, trading will always move asset ratios to a point on the boundary of the no-trade region .

After a potentialy large initial trade, subsequent trades will be infinitesmal in size as the (continuous)

diffusion process governing the movement of asset ratios w(t) will not carry these ratios “far” outside the
boundary before trading back to the boundary occurs. Harrison and Taksar [1983] label this situation as

one of “instantaneous control.”

Our objective is to characterigeand detail the nature of portfolio trading in the presence of proportional
transactions costs and capital gains taxes. The boundgryitifbe denoted3(y), a subset of with
elements ("points") denoted v With a single risky asseB(x) = {Wnin, Wmad. Determining the
boundaryp completely determineg, given the assumptions above. Hereafter the boundary of the no-
trade regionp = {wP}, is treated as the investor's choice variable. Thus the investor's objective is to find

the boundarp = of the no-trade region that minimizes discounted expected cos@ J(x;

I'V. Determining the Function J(x; B) for agiven Boundary 3

First consider the case where the no-trade regiand its boundarg are given, but are not necessarily
optimal. When initial asset proportiong ¥, there is no trading at t, and w(t) = x. The only cost incurred

over dt is the cost of diverging from the optimal w

From the definition of J(3),

1% The optimal solution will specify how the trades sw(t) are determined.

12



t+dt

(7) J06 B) = E[ [AW(T) =W )V (W(T) —w)dT + e JI(x+dw, B) | w(t) = X]

= A(X—WF)'V (X — WF)dt + E[e" I (x + dw(t), B)]

when X g x.

Expanding the expectation term of (7), and simplifying gives the partial differential equation
(8 X (@b J,(x B)) +.5(XTQU I (X B)]X) + A(x = W)V (x=w) —rI(x;5) =0
where

X = (&, ..., Iv) isthevector of first partia derivatives of J(x; B) wW.r.t. X;

J istheN x N matrix of cross partials with elements J;;;

1 isthe N-dimensional unit vector;

(ad X ) isthevector with eements{a J}; and

[QO Jx] istheN x N matrix with elements{q;; Jj}.
As Jis convex, Jx (X; B) is positive semi-definite and positive definite for x in the interior of x. For X
Oy, the strategy chooses dw(t) to instantly move the asset ratios to a boundary point wh(x) O B. For x
outside the no-trade region , it followsimmediately that

Ix, B) = JWP(x); B) + K [x - W(x)|.

Associating a boundary point®() 0 B with arbitrary points x outside the boundary is examined in

Appendix A. From (A.1a) — (A.1c), for pointgxy,

13



9) JWPX);B) = ki whenx >wP(x)
= -k whenx <wf(x)
BWPX), B < ki onlyif xi = wP(x).

Conditions (9) hold for arbitrary no-trade regions x and their associated boundaries B(x) = {w’}. Dumas (1991)
terms these “value matching” conditions. As will be seen below, “most” boundary points will be characterized b
(9) holding for a single i. But thé'2corner” points on the boundary for whickfw?; B) = xki, for all i, will be of

considerable computational importance. LepM{( denote such points.

Now consider the problem of determining tigtimal boundary3. The case of a single risky asset (N = 1) builds
from the analysis of Magill and Constantinides [1979], Davis and Norman [1990], and Dumas"[19%H.

general case with an arbitrary number of risky assets N can subsequently be examined.

V. Determining the Optimal No-Trade Region in the Single Risky Asset Case (N = 1)

When there is a single risky asset, the optimal strategy moves x to the boundarypdist ®Wrin , and to Wax
if X > Wma. (We drop the subscript "1" for the single risky asset case). Therefere=whiy for all X > Wi,
and W(x) = Wwin for all X < wynin. Observe that M) =B = {Wmin, Wnax}: €Very boundary point belongs to B)(

which is not true for N> 2. At the boundary points whenmwand W, it follows from (9) that

™ Our one-dimensional case differs from Dumas in that the dynamics (3) of the asset weight w follows a
logarithmic Brownian mation. It differs from Constantinides in the form of the loss function.

14



(10) Jl(Wmin; Wmin ,Wmax) = -k

(11) Jl(Wmax; Whin ,Wmax) =k

where J, (s », ) is the derivative of J with respect to the nth argument.” In the single risky asset case,

equation (8) isan ordinary differential equation with solution

0 X * wr2
Wmax):AO-2 X _2XW +W EI-I-C1X%+C2X°12

(12) ‘J(X;Wmin’ H, _2a_Q r—a r

where ¢;; and ¢;2 are uniquely determined as

(13) Cu = (-a+ Q2 + [(aQ/2)* + 2Qr]°)/Q;
Ciz = (-a+ Q2 - [(aQ/2)* + 2Qr]°)/Q,
where from (3)

a=(1-w)(u-r-ow); Q=cd"(1-w)

For agiven 3 = {Wmin, Wma} , the constants C; and C; are determined by the boundary conditions (10) and
(11). The optimal boundary B = {W min, W ms¢} is determined by the "super contact" conditions, which
require that J(X; Wmin , Wmax ) be minimized w.r.t. Wpin and Wi . This provides the two fina conditions

needed for optimization, that at the optimal Wrin and Wi

(14) JZ(Wmin; Whin, Wmax) = 0;

(15) J3(Wmax7 Whin Wmax) =0.

2 Dumas[1991] shows that these conditions are not smooth-pasting optimality conditions, but rather the limit of a
"value ma}ching" condition. The conditions (sometimes termed “super contact”) associated with the optimal
boundanyg are given by (16) and (17).

15



Following Dumas [1991], it can in turn be shown that these conditions imply

(16) Ju (Wmin; Whiin Wmax) =0,

(17) Ju (Wmax; Whin Wmax) =0.

Solving (8) subject to the conditions (10), (11), (16), and (17) generates solutions for the optimal strategy
parameters W mn  and W s , and for the constants C; and C, of equation (12), thereby uniquely
determining J(x; B7) = J(X; W min, W max)-

V1. Determining the Optimal No-Trade Region with Multiple Risky Assets (N > 2)

The solution to the (partia) differential equation (8) is much more difficult when N > 2, since the

boundary set 3 is now described by an infinite number of points rather than the two points { Wiin , Winex ).

From equations (A.1a) — (A.1c), recall that at every boundary p8jnt w

(18) NP, B)l< k, i=1,.., N,

with equality holding for at least one i. In addition, the maximizing conditions equivalent to (16) and (17)

are that whenever, (W"; B)| = k, then

(19) Jiw?; B) = 0.

16



When N > 2, we are unaware of closed form solutionsto equation (8) that satisfy conditions (18) and (19)
at al points of the boundary B = {w"} of the no-trade region. So we turn now to finding an approximation

of the optimal strategy, which we term the quasi-optimal strategy.

VI(a). Determining A Quasi-Optimal No-Trade Region

Our strategy isto find a quasi-optimal solution JA(X; B) which satisfies the p.d.e. equation (8), and which
satisfies conditions (18) and (19) , with JA replacing J, at afinite set of boundary points B. Given JA, we
can then construct the remaining boundary points 3 between these points B by an agorithm described in
Appendix D.*® In general, these in-between boundary points will be constructed to satisfy either (18) or
(29), but will not (except by chance) satisfy both. We develop a measure of how well this quasi-optimal
solution approximates an exact solution, and show that it will be highly accurate for redlistic choices of
parameters. Clearly the quasi-optimal function JA(x; B) will depend on the choice of the points B at
which both conditions (18) and (19) will be satisfied. The solution to equation (8) can be represented by
the sum of a homogeneous solution and a particular solution. From Appendix B, there exists a

homogeneous solution in the form
K N
H (x;B) = Z{ck(B)aj x@
=1 i=

where the coefficients {c;} satisfy equation (B5) and the coefficients { C*} depend upon the boundary

13 Since there are only two boundary points when N = 1 (B = { Wrin, Wi } ), it follows immediately that the quasi-
optimal solution isthe fully optimal solution in this case.

17



conditions.™

The actual number of terms K needed will depend upon the number of boundary points a which both
conditions (18) and (19) are presumed to be satisfied. A natural set of boundary points B are the 2"
“corner” points where conditions (18) hakgth equality for all i, as well as conditions (19). Each corner
point has N dimensions, so there df@%ariables characterizing the point& B to be determined. In
addition, we must determine the K constant§} {@ the homogeneous solution. The total number of

variables to be determined therefore&2+ K.

The equations to be satisfied at each of thedner points are the N equations (18)--which hold with
equality at W ¢ B--and the N equations (19). Thus 2N conditions must hold at each O, for a

total of 2N equations. For the number of equations to equal the number of unknowns, it follows that
K = 2'N. We introduce this number of power functions in the homogeneous term (B.2), where the
exponents {&} of each function k =1, ..., K satisfy equation (B.5). A particular solution exists of form
(B.9) in Appendix B. The gquasi-optimal function JA(x; B) is given by the sum of the homogeneous
solution and the particular solution, satisfying the equations (18) with equality and (19) at the boundary
corner points We B. These boundary conditions jointly determine the boundary corner points and the

constants {¢}, k=1, ..., K. Figure 1, discussed in detail in Section IX, locates corner points {X,Y,Z,V}.

We can use two alternative techniques to construct the remaining boundary points connecting adjacent

corner points We B, given the function JA(x; B). The first assures that conditions (18) for JA are met

¥ 1n the one risky asset case (N = 1), the coefficients ¢ are uniquely determined. When N > 1, an infinite number
of possible coefficients exist, subject to congtraint (B5) being satisfied. We can aways find a solution for the corner
points when the cix are all possible combinations of zero or one.

18



along this boundary; the second assures that conditions (19) are satisfied. Appendix D develops these
agorithms. Let B1* denote the set of boundary poi nts {wP"} determined by the first technique, and B2
denote the set of boundary points {w"*} determined by the second technique. Because the second

technique proved more tractable computationally, we used it to perform all calculations that follow.

The caculation of the boundary 32* using (19) or (D.3) also offers a measure of accuracy of our
approximation. Equation (20) will in general not be satisfied: [JA; (W**', B)| - k; # 0. But for each point
w??" on the boundary we can compute the transactions cost k; (W**) which would make this term zero, i.e.
k (WP ) = |JA; (WP, B)|. For such transactions costs, the quasi-optimal boundary would be fully optimal,

sinceit would satisfy both conditions (18) and (19). The maximal error over the entire boundary BZ* ,

(22) E=Max [Max [(k -k®W*))]
{wi,j}

indicates the maximal amount by which transactions costs would have to vary for the quasi-optimal
solution to be the optimal solution. For realistic parameters and modest asset correlations (< .30), this
number isusually smal: lessthan .0005. Thusif the quasi-optimal solution is based on transactions costs
of (say) 1%, then the quasi-optimal solution is exact when transactions costs range appropriately (as w®*

varies) between .95% and 1.05%. Sinceitisrareto have exact estimates of actual transactions costs, this

range seems tolerable for most practical situations.

But as asset correlations increase, we observe from the examplesin Section 1X below that errors become

larger—reaching a maximum of .003 when transactions costs are 1 percent. The solution in this case is

19



exactly optimal only if transactions costs were to vary appropriately between 0.70% and 1.30%, a fairly
broad range. To further reduce errors, a straightforward extension of the approximation method outlined

above is now considered.

VI(b). Greater Accuracy of the Quasi-Optimal Solution

The accuracy of the quasi-optimal solution can be improved by finding a JA solution that satisfies the

appropriate conditions (18) and (19) at more than just the corner points.™

In two dimensions, for example, we could require matching the appropriate optimality conditions at a
finite number of points along the boundary segments (XY, YZ, ZV, VX) as well as at the corner points
(X,Y, Z,V). Anobvious set of additional points would be the four midpoints of the boundary segments.
We would need an additional four terms in the homogeneous sum (B.2) with exponents satisfying (B.5).
Thus K = 12 in this situation. Matching the boundary conditions at more and more points B leads to
greater and greater accuracy as measured by (22), at the cost of the extra computational requirements as K

rises.

In Section IX, aset of examples examine the differences between solutions with K = 8 and solutions with
K =12. Inthelatter solutions, optimality conditions are met at the midpoints of the boundary segments as
well as a the corners. For asset return correlations of 0.2 or less, the no-trade regions are virtualy
indistinguishable, with the extreme points { X,Y,Z,V} differing by less than 1% in both dimensions and

the segments joining these points continuing to appear as virtually "straight” lines. However, the maximal

> A subset of coordinates for these additional pointswill be fixed (e.g., the midpoint of a boundary segment
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error E defined by (22) falls to about half its previous level. When asset correlation rises to 0.7, the no-
trade regions differ perceptively, and the error of the “corners only” solution (K = 8) rises to .003. The

maximal error falls to .0008 for the K = 12 solution.

VII. Costs, Turnover, and Tracking Error of Optimal Trading Strategies

We have developed techniques for determining the quasi-optimal trading strategies, as expressed by a “no
trade” region with bounday* & R, wherep* = B:* or B*, depending on whether technique 1 or 2 is

used to determine the boundary. Now consider a method, first introduced by Leland and Connor [1995] in
the single risky asset case, to estimate the expected present value of transactions costs and annual
expected turnover from following the optimal strategy. We also develop a measure of the expected

tracking error of the optimal strategy.

Consider the function T(3) = J(x; BJA = 0) that satisfies the value-matching conditions (18) on the
boundaryB. This is the expected present cost of the trading strategy with no-trade region determined by
boundaryp when there isi0 cost of tracking error, sinceA = 0. Therefore J(3]A = 0) measurethe
expected net present value of trading costs when the no-trade region has bound&nBy setting = 3*,

the boundary of the optimal no-trade region for the original problem, the resulting functigg )Tl

measure the expected net present value of trading costs for the optimal strategy.

When N > 1, there is no known closed form solution for T, so we must use the approximation methods we

used previously. Let TA(X; B) denote the approximate cost function, given the boundary determined by

joining two corner points). At these points, a subset of conditions (18) and (19) will hold: See Appendix D.
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optimizing JA(x; B). It will satisfy the differential equation (8) with value-matching boundary conditions
asin (18) holding with equality at wP ¢ B. (It will not satisfy conditions (19), since the boundary points

are optimal for JA, not TA).

The solution TA(x; B ) will be the sum of a homogeneous solution to the p.d.e. (8); plus a particular
solution whose coefficients are all zero and hence can be ignored. The homogeneous equation will again
be of the form (B.2), with exponents satisfying (B.5). The 2N coefficients C*, k = 1,...,K must be chosen

such that the 2"N value-matching conditions (18) hold with equality at w* ¢ B.

TA(x; B) therefore gives the discounted expected total trading costs, from 1 =t to infinity, of the quasi-

optimal trading strategy associated with JA(x; B). The annualized expected trading costs ATC are smply

(23) ATC = r TA(X; B).

If all assets have the same trading costs ki = k, i = 1,..., N, then the annualized expected (one-way)

turnover is

(24) Turnover = ATC/k. ™

The (approximate) expected discounted tracking error cost TE comprisesthe residual cost: TE =JA - TA.

1® When k; varies across assets, it is still possible to estimate turnover associated with the quasi-optimal strategy
JA(X; B). We construct afunction TA*(x; B) as above, but which satisfies the value-matching conditions
[TA*(x; WP)| = k for all i, whereisk isan arbitrary constant across all assetsi. The solution is the expected discounted
transactions costs associated with B, when k is the (common) cost of trading each asset. Annualized turnover is given
by ITA*/k.
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The annualized tracking error isrTE, and the annualized variance AV associated with this cost is simply

(25) AV rTE/A

r(JA-TA)/A.

VII1. Optimal Policieswith a Single Risky Asset: Some Examples

Consider the following base parameters for asset returns:

Risky asset: m = 125

o = .040
Risklessinterest rate: r = 075
Target proportion of risky asset: w* = .60.

We first assume that the cost of selling and buying are identical, and equal to k.

Table | lists the optimal no-trade boundaries { Wiin , Wmax }, With percent turnover and percent standard
deviation of tracking error in parentheses below, for a range of transactions costs k and cost per unit of

tracking error variance \.

Table | examines a range of trading costs, from alow of 0.1% to a high of 10%. For comparison, two
vaues for the price of tracking error \ are considered: 1, the value which would aso lead a mean-

variance investor to choose a target proportion of (approximately) 60% in the risky asset, given its return
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and risk; and 10, a larger value which often seems to characterize the actions of investorstrying to track a
target ratio. The upper numbers in each cell are Wyin and Wnax . The lower numbers in parentheses are
annual turnover in percent (from equation (24)) and annualized standard deviation of tracking error in

percent (the squareroot of AV from eguation (25)).

TABLE |
k
001 005 01 05 10
A=1 562/.633 5331655  513/.669  .436/.725 .381/.775
(324/.41)  (1.85.70)  (1.44/88)  (0.80/15) (0.60/1.92)
A=10 583616  571/.627 562633  .533.655 513/.669
(7.05.19)  (4.10/.32)  (324/.41)  (1.85.70) (1.44/.88)

Note that the table cells are identical when the ratio k/j isthe same.’” Therefore higher transactions costs
or greater aversion to tracking error play an inverse role in determining the optimal strategy. For small k
(and/or large A), the size of the optimal no-trade interval is approximately proportional to the cube root of

k."® Thus doubling transactions costs will increase the no-trade interval by a factor of about 2° = 1.26.

' This result also holds when N > 2: The quasi-optima boundary, turnover, and tracking accuracy are
homogeneous of degree zero in the vector of trading costs and ).

'8 A heuristic demonstration of this result is as follows. For small k, J(w;B*) is approximately quadratic with a
minimum at w*, implying Ji(w*) = Juui(w*) = 0. Using a Taylor series expansion, Ji(Wmax) —dh(W*) =
J11(Wimax) (Winax -W*) + (1/2)J112(Wmax) (Wimax -vv*)2. Using (11) and (17) ,1(Wma) = k and  di(Wmax) = 0, implying
k= (1/2)d12:(Wimax) (Wmex -W*)>.  From a Taylor series expansion@me) = Jua(W*) + Jr111(W*)(Wmax -W*) =
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Similarly, turnover will fall by this same factor. Tracking error at the optimum also rises by a factor k*°.
We may summarize our results asfollows: for k/A small (e.g. < .1), thento aclose order of approximation

the following propositions hold:

) The size of the optimal no-trade interval (Wmax - Wiin) 1S

proportional to the cube root of transactions costs.

(i) Turnover and the size of the optimal no-trade interval

areinversely proportional, implying that turnover is

inversely proportional to the cube root of transactions costs.

(iii) The standard deviation of tracking error and the size of the optimal

no-trade interval are proportional, implying that the standard deviation

of trading error isinversely proportional to the cube root of transactions costs.

Propositions (iii) and (iv) immediately suggest

(iv) The standard deviation of tracking error and turnover are inversely proportional.

Sensitivity to changesin tracking error aversion A follows immediately from the invariance of the optimal

strategy for constant k/A., implying a change in A has the same effect as achangein (1/k).

Jn111(WF) (Wi -W* ), implying K = (1/2) Ju11(Winad) (Wina -W*)*. Thus (Winax-W*) = ZKY3, where Z = 2/3y11(w*)) ™.
By symmetry, (W*- Wmin) = (Wmax — W*). S0 the size of the no-trade intervahfa~ Win) is approximately 27,
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Vlli(a). The Effect of a “Turnover Tax” on Optimal Trading Volume

The results above can be used to assess the impact of proposed taxes on trading by funds seeking to keep
assets in given proportions. If other trading costs averaged 0.5%, a 2% tax on portfolio trades, raising

total coststo 2.5%, would reduce trading volume from optimal rebalancing by (1-(.005/.025)"), or 42%.

VIlI(b). Asymmetric Buying/Selling Costs and Optimal Strategies

in the Presence of Capital Gains Taxes

We now examine the case where the cost of selling (ks) differs from the cost of buying
(ko). These costs may differ smply because of market conditions, or because there are capital gains taxes
associated with selling. How does the presence of capital gains taxes, and therefore of asymmetric selling

and buying costs, affect the optimal trading strategy?*®

Assume that selling incurs capital gains taxes (e.g. ks = .10, i.e. half the sales price is taxable at a 20%
rate), whereas buying incurs only atrading cost (e.g. k, = .01). Consider the following conjecture: the
optimal strategy isto choose Wi 8s in the case when both buying and selling costs are .10, and Wiin asin

the case when both are .01. If \ = 10, from Table 1 thiswould imply

19 Since the time horizon is infinite, capital gains taxes can be avoided if assets are never sold. Some caution is
needed in extending our results to capital gains. First, we assume that capital losses are immediately realized and
assets are replaced by repurchasing the (equivalent of) the current position. (This ignores wash sadle rules,) Second,
our gtationary model assumes that capital gains tax rates will remain constant for future asset sales. (Note that the
dynamics of buying and selling could change the average cost basis and hence the effective tax rate on sales revenue).
The assumption of constant selling costs also precludes a difference between short- and long-term capital gains which
Congtantinides [1984] showed could create an additional reason for realizing long-term gains.
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Wimax = .669, Wiin = .562.

But this conjectureisincorrect. When we solve for the optimal policy with the boundary conditions

Jl(Wmin; Whin, Wmax) = -k,

Jl(Wmax; Whin, Wmax) = ks,

plus the optimizing conditions (16) and (17), wefind

While the upper trade ratio Wi is Similar to that when both trading costs are 10%, the lower trade ratio
Wmin IS Substantially lower than that when both trading costs are 1%. The reason for this becomes clear:

the probability of incurring capital gains in the long run depends (roughly) on the distance between the
midpoint of the no-trade interval and the upper boundary. By lowering the lower boundary of the no-trade

interval, this distance can be increased while keeping the average exposure closer tow".%

Because wnin is a decreasing function of the capital gains tax rate, an investor commencing with a cash-
only position should initially invest less in the risky asset (to alevel wrin) asthe tax raterises. Inthe
long run, however, the average risky asset proportion will approximate w* when the optimal strategy is

followed.

% Even if the cost of buying were zero, it would till not be optimal to buy whenever w < w', if the cost of selling
is podtive. If k, = 0, and ks = .10, the optimal trading strategy for the example above would be Wyin = .536. Wiax =
.660.
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Our results should be contrasted with those of Constantinides [1983], who argues that capital gains never
should be realized. But this conclusion presumes that investors can sell short to offset long positions
("shorting the box™) in order to avoid realizing capital gains. When thisis not possible, the diversification
arguments that are important here cannot beignored: some capital gains must be realized to keep tracking
error within bounds. Even if shorting the box or a highly correlated security is possible, it is generadly
expensive. Synthetically "selling” the original security using these techniques can be incorporated in our

analysis, using their (high) transactions cost rather than the (even higher) capita gains costs.

VIII(c). Turnover of the Optimal Strategy vs. Periodic Rebalancing

Consider now rebalancing periodicaly at atime interva &t. At the end of each rebalancing period, the
random asset proportions w(t + &t) are readjusted back to the desired proportionsw'. For equal tracking
error, we are interested in the turnover associated with this strategy relative to the optimal strategy

considered above.

Appendix C gives formulae for the average annual tracking error and turnover associated with a periodic

rebalancing strategy, when thereis asingle risky asset.

Consider the example from above withw™ = .60 and ¢° = .04. From Table |, with A = 10 and k = .01 (or
equivaently, A = 1 and k = .001), annual tracking error standard deviation is 0.41%. Using formula (C5),

setting &t = 0.357 (rebalancing approximately three times per year) gives an identical tracking error. But
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plugging this value of &t into (C7) gives an expected annual turnover of 6.36%, in comparison with the
optimal strategy’s turnover of 3.24%. Thus optimal trading reduces turnover by 49%. Comparisons with

other cellsin Table | give similar savings of about 50%.

IX. Optimal Policieswith a Multiple Risky Assets. Some Examples

We now find quasi-optimal trading strategies for the case with two risky assets plus a riskless asset.

While higher-dimensional examples could be constructed with the techniques of Section VII above, they

are numericaly intensive and most salient points can be seen in the two risky asset case.

We consider first a symmetric “base” case, with

Risky assets: U1 = 2 =.125
o’=a’ =.040
p =.200
Riskless interest rate: r =.075
Target proportions of risky assets: LW W = .40
Transactions costs: 1k ke = 01
Tracking error aversion: A =1.30

The tracking error aversion factor of 1.30 is chosen to equal the variance aversion of the investor choosing
optimally to invest 40% in each risky asset, given the distribution of returns in the base case above.

Alternatively, we later allow the tracking error aversion factor to exceed the investor’s variance aversion
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(seefootnote 5).

Figure 1 shows the no-trade region for this A using the “corners only” (K = 8) solution. The corner point
coordinates are X = {.462, .462}, Y = {478, .322}, Z ={.332, .332}, and V ={.322, .478}. Turnover is
3.2% and the standard deviation of tracking error is 1.13% per year. The K = 12 solution differs by no

more than .001 in any coordinate, and is not shown here.

Although the segments XY, YZ, etc. appear to be linear, they are not exactly. This would be the case only
if JA(x; B) were a quadratic function in the interior pf Nonetheless, once the boundary points
{X,Y,Z,V } have been found, "connecting the dots" seems a reasonable approximation for most parameter

choices.

The quasi-optimal policy is not fully optimal, as discussed above. Since we constructed the boundary
segments XY, YZ, etc. using the conditionsdd®, B) = 0, JAx(WP, B) = 0, etc., we can measure the
error using equation (22), which determines the maximal absolute erfor k]JAalong the entire
boundary. Figure 1A shows the error along the boundary XY, whevanes from ¥ = .332 to % =

462. Figure 1B shows the error along the boundary ZY, whevanes from £ = .332 to Y = .478.

The maximal error is approximately .0003, or about 3% of the 1% transactions cost. (Maximal errors
along the other segments ZV and VX are similar.) We conclude that the quasi-optimal strategy would be
fully optimal if transactions costs ranged appropriately between 0.97% and 1.03% along the tpdundary

The K = 12 solution gives even tighter bounds.

When) = 10, the no-trade region shrinks to x = {.432, .432}, y = {.438, .361}, z = {.367. .367}, and v =
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{.361, .438}.** Turnover rises to 6.8% and the standard deviation of tracking error falls to 0.56% per

year.

Increasing the correlation between the assets to 0.7 increases the "skewness' of the no-trade region, as

indicated in the K = 8 solution in Figure 2.2 Maximal errors, however, are substantially larger using the

K =8 solution. Ascan be seenin Figures 2A and 2B, these errors reach .003, roughly athird of the actual
transactions costs of 1%. Figure 2(i) illustrates the no-trade region using the K = 12 solution. It is even

more “skewed” than the K = 8 solution. Figures 2A(i) and 2B(i) show that maximal errors are reduced to
.0008, or 8% of the actual transactions costs. Note that even more accuracy could be achieved by
matching the optimality conditions (18) and (19) at even more points along the boundaries—at the cost of

increasing K and computational complexity.

When transactions costs for all risky assets are scaled by a ¢ather size of the no-trade region is
approximately proportional tq)”3, as in Proposition (i) for the single risky asset case. Turnover and

tracking error also behave in the fashion outlined by Propositions (ii)-(iv) above.

Not surprisingly, reducing transactions costs of a particular risky asset will shrink the size of the no-trade

region in that dimension. Less obvious is the fact that the no-trade interval will shift for assets whose

2! We continue to assume that w* = (.40, .40). Thusthe aversion to tracking error in this case is higher than the
aversion to risk which determined the optimal investment proportions. See footnote 5.

2 We keep the investor's aversion to variance of tracking errar=dit.30 for purposes of comparison . This
tracking error aversion parameter was initially selected because it was also consistent with the risk aversion towards
portfolio variance of a mean-variance investor choosing w* = (.40, .40), given the base case distribution. Note,
however, that a different risk aversion to portfolio variance would be required for the investor to keep w* = (.40, .40)
given the new distribution of asset returns, with higher correlation. See also footnote 5.
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transactions costs remain unchanged.

Figure 3 illustrates the case where the trading cost of asset 2 falls to 0.1 percent.”® Other parameters
remain asin the base case. The optimal no-trade region has corner points X = {.471, .421}, Y = {.473,
360}, Z ={.324. .378}, and V ={.323, .443}. Contrast the point Z here with Z = (.367, .367), optimal
when transactions costs are both 1 percent. As expected, from a start with zero holdings of both risky
assets, more of asset 2 should be bought initially since its transactions costs are lower. But less of asset 1
should be bought, reflecting the positive correlation of the two assets. Positive correlation implies that
they are (partial) “substitutes.” Buying more of the less-costly asset permits a smaller purchase of the
more-costly asset. This illustrates the dependency of the no-trade region in one dimension upon

transactions costs in other dimensions.

X. TheEffect of Transactions Costson I nitial Asset | nvestments

Consider an investment fund which initially has cash holdings only. It wishes to invest in two assets with
means and variances as given in the base case example of Section IX. The optimal no-trade region is

illustrated in Figure 1.

How do transactions costs affect initial asset investments? Because the initial allocation x = (0, 0) is in
Region V, the initial investments will move asset proportions to the point Z = (.332, .332). When
transactions costs are equal, equal investment will occur in both assets, but less than the desired

proportions (.40, .40). Since initial investment starts at a lower level than desired, the average asset

2 Weuse K = 12 for greater accuracy.
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exposure over a short period of time will be less than 40 percent to each asset. Only as the time horizon

becomesinfinite will average investment proportions approach 40 percent each.

Figure 3 illustrates the case with asset correlation 0.7, and transactions costs of the two assets are 1
percent and 0.1 percent, respectively. The aversion to tracking error remains at A = 1.30. The no-trade

region is computed with K = 12, and errors are given in Figures 3A and 3B.

Starting from an all-cash position, the optimal strategy isto purchase initial fractions given by the point

Z =(.331, .412). Not surprisingly, the amount of asset 1, the high-cost asset, is scaled back substantialy
from the ideal 40% proportion. But the initial investment in asset 2, the low-trading-cost asset, is 41.2%,
which exceeds the desired proportion of 40%. The presence of trading costs can lead to a higher initial
purchase of an asset. In the example above, it is optima to purchase more of the low-cost asset 1 to
replace the lesser amount of asset 2 because the assets are highly correlated and therefore act as
substitutes. In the long run, of course, the average asset proportions will approximate their desired

proportions when the optimal trading strategy is followed.

A currently-popular technique for dealing with transactions costs is to decrease the mean rate of return on
assets, in proportion to their transactions costs. This strategy yields alocation fractions that are
permanently less than target levels® And an investor would never make an initial investment that

exceeds the ideal target proportion—although that is required by the optimal policy in Figure 3. The

** The actual trading strategy, after these “adjusted” target allocations are initially established, is not articulated.
If actual proportions are returned to the adjusted targets on a periodic basis, further inefficiencies result as in
Section VIII(c).
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mean-adj ustment technique clearly hasimportant shortcomings, and will be costly to follow relative to the

optimal strategy.

Xl|. Extensions

Xl(a). Nonconstant Target Proportions

Our analysis has examined the case where dw/w moves relative to a fixed target w'. But the analysis
could be extended to cases where the target w itself follows a stochastic process. For example, say wi =
Wi (Z(1)), i = 1,...N, T > t, where Z(1) is a vector of variables following a joint diffusion process. Z(t)
may include other variables (e.g. macroeconomic factors whose levels follow a diffusion) as well as stock
prices. The vector w(t) - w (Z(1)) will itself follow a diffusion process with mean and volatility
determined by Ito’s Lemma. I the process for Z(1) has time independent parameters, w(t) - w (Z(t)) will
also have time-independent parameters, and our analysis will be directly applicable with the vector a and

the matrix Q of equation (3) being appropriately modified.

Examples of such w(Z(t)) processes include the case when the target ratios w; are functions of
macroeconomic variables (such as aggregate consumption or interest rates) which follow a time-
independent diffusion, or when the target ratios are functions of relative stock price levels. Time-
independent strategies such as constant proportion portfolio insurance (e.g. Black and Jones [1988]) are

also included, but option-replication strategies are not, due to the time dependence of the target delta.

Our analysis could aso be extended to aternative time-independent stochastic processes for the risky



asset values S, for example an Ornstein-Uhlenbeck diffusion process exhibiting mean reversion.

Xl (b). Fixed Componentsof Transactions Costs

Consider now a fixed cost component in addition to a proportional component of transactions costs.

Work by Dixit [1991] suggests that the optimal trading strategy will be characterized by two regions
surrounding w', one nested within the other. The outer boundary will define the no-trade region. The
inner boundary will be the asset levels optimal to trade to, when asset proportions move outside the larger
no-trade boundary. Dixit [1991] shows how to compute outer and inner regions (intervals) in the single
risky asset case. Even in one dimension the determination of outer and inner intervalsis not easy, and we

do not pursue the multi-dimensional extension here.

XI1. Conclusions

We have considered optimal rebalancing strategies in the presence of proportional transactions costs. For
both single and multiple risky assets, the optimal strategy is characterized by a no-trade region. When
asset proportions lie within this no-trade region, the optimal policy will be to do nothing. When asset
proportions move outside the region, trades should be undertaken to move the asset proportions to an
appropriate point on the no-trade region’s boundary. It is not optimal to trade periodically to the target
asset proportions, despite the popularity of such a strategy. The optimal strategy with identical tracking

error reduces expected turnover by almost 50%.
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We developed an exact solution for the single risky asset case, following Constantinides [1979] and
others, and then considered policies for the multi-asset case. A technique for obtaining nearly-optimal
strategies was presented. Our examples suggest that the multi-dimensional no-trade boundary consists of
amost-planar surfaces connecting 2" vertices. We showed that optimal strategies almost aways require
buying or selling just one risky asset at any trading date. (The risky asset that must be traded will change

stochastically through time).

We a so devel oped atechnique for estimating the turnover and tracking error associated with both optimal
strategies and traditional periodic rebalancing strategies. This alows investment managers to consider the
tradeoff between turnover and tracking error in choosing their desired strategy, and to estimate turnover

savings in moving from sub-optimal to optimal strategies.

Capital gains (with some caveats) can be included in the analysis. An important conclusion is that the
presence of capital gains not only affects the no-trade region’s upper limits, but also importantly affects
the minimum limits. If synthetic selling strategies are not possible, some capital gains will be realized by

the optimal strategy, in contrast with Constantinides [1984].

A number of ad hoc approaches are currently used to determine the impact of transactions costs on the
amount invested in risky sectors. A popular approach is to reduce the mean return of an asset to reflect its
transactions costs.”® This will lead to less investment than the target amount in the asset, both initially

and in the long run. Our analysis suggests that this approach is serioudy flawed. While an investor

»The typical adjustment suggests reducing the mean by product of the annual turnover rate of the asset, and
the fractional trading costs of the asset. Thisis ad hoc, in that an optimal policy must determine the turnover
endogenously.
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starting with an all-cash position may optimaly invest less than the target amount in an asset with
transactions costs, we found reasonable examples where it is optimal to initially invest more. (Very) long

run average investment ratios will approach theideal proportions when the optimal policy is followed.
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APPENDIX A
Characterizing the Boundary Set 3

We wish to characterize the set 3 of boundary points wf(x) £ R" to which an arbitrary set of asset
proportions x outside of B will trade.

The cost of moving from x to an arbitrary point w® is k’jx - wP|. The optimal boundary point to trade to
will be

wh(x) = ArgMin {JwP, B) + K'x - wP[}
wh

As Jw(WP, B) is positive (semi-) definite, it follows directly that the optimal w? will satisfy the Kuhn-
Tucker conditions

(A.1a) JwWPx),B) =k if xi > wP(x)
(A.1b) = & if x; < WF(x)
(A.1c) BWPX), Bl < ki only if xi = w(x)

Figure 1 shows a hypothetical no-trade region and associated boundary g when N = 2, and the 4 points
{X.Y,ZV} e M(B) atwhich {J = +ki, = +ko}. These pointsin turn define the (curvi-) linear ssgments
XY,YZ,ZV,and VX.

Along the segment XY, Jy(w®,B) = ki a al pointsw®, and JL(w®, B) ranges from +k (at wP = x) to k. (at
wP =), with |L(w?, B)| < k. except at the endpoints of the segment. From the first order condition (A.1c),
it must be that w2(x) = x, along the interior of the segment XY .

Thusinitial asset proportions x which lie to the right of the boundary segment XY (i.e., pointsin Region I
of Figure 1) will be changed to a point on the segment XY with the same amount of the second risky
asset. The optimal trade will sell only risky asset 1, and will not trade risky asset 2. Visually, any initia
proportionsin Region |1 will trade to the boundary point that is directly to the left of the original point.
Similarly, initial asset proportions x lying in Region VI will buy only asset 1 and will not trade asset 2,
while initial asset proportions lying in Region IV (Region VI1II) will buy (sell) only asset 2 and will not
trade asset 1.

Initial asset holdings in Regions |, 111, V, and VII will require that both assets be traded, with resulting
post-trade holdings represented by the points X, Y, Z, and V, respectively.

Note that, once the no-trade region is reached, random vibrations of the asset proportions will almost
surely lead to the next trade being to some boundary point other than X, Y, Z, or V. Thus amost surely
subsequent trades will require only one asset to be traded at any given moment.



APPENDIX B

Solution to the Partial Differential Equation (8)

As is standard, we write the solution to the partia differential equation as the sum of a homogenous
solution(s) plus a particular solution. From equation (8), the homogeneous term H(x; ) of the solution
must satisfy

(B1) x(a0 Hy) + .5 (X [Q O Hx]X) -rH= 0

We postulate that functions of the form

(B2 H(x;B) = g{c"(B)aj xﬁk@

satisfy equation (B1), for arbitrary constants Ck([3), k = 1,....K, when the exponents {ci} are correctly
chosen. Consider an arbitrary termin the sum (B2), denoted H*, where

(B3) H*(x;B) :ck(B)aﬁ xﬁkﬁ

(We suppress the dependence of H and C* on ).

Let ¢ denote the vector (Cu, ..., onk). It readily verified that for any H¥,

(B4) x(ad HY) = (ac) H,

X(QO Hkxx) X = (Ck’ Qct-3 CikGii ) H~.
Plugging these into (B1) yields the (scalar) quadratic equation in the vector c*
(B5) ac +.5(c'Qc - zicugi)-r=0,

a quadratic equation which has two solutions for ¢k when the remaining N-1 {ci} (j =/ i) are fixed at
arbitrary values. When N =1, Q isascaar and there are two solutions to equation (B5):
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(B6) cu = [-(@Q/2) + ((aQ/2)* + 2Qn*/Q,
¢ = [(&Q/2) - (aQ/2)* + 2Qn)*/Q,

aswe derived in Section V above. Notethat K = 2 here.

When N = 2, there are an infinite number of solutions to (B5). We may set cx at any vaue, and solve
(B5) for two possible values for ca:

(B7)

- - (al +Cx 0 — -5%1) * \/(a1 +Cx 0y, — -SQ11)2 - ZQ11(a2C2k + -5qzzc§k - -SQchzk - I’)

Oy
Conversaly, we could set ¢y at any value, and derive two possible vaues for cu.
In the examplein Section VI, weset ¢;; =C» =0,and c;s = cu = 1for k=1, 2, 3, and 4, respectively. We
can then use (B7) to derive
Finally, we set ¢15 = €16 = 0, C17 = €15 = 1, and derive Cgs,...,Cos iN @Similar manner.

Cuc

The homogeneous term H(x, B) is the weighted sum of the H* functions whose exponents each satisfy

2
- = (@ 50,)* (@ 50, )"+ 20,1
Oy
CL = '(al'-sqn)'\/(al'-SQH )2+ qulr
12—
qll

_ (&t Q- 50y, )+ \/(81'*‘ G2 - 90y )2' 20, (az- 1)

Ci3—
O
= '(al"' Oiz- -5q11) '\/(al"' Op2- -5CI11 )2 - qul(az' r)
14—
Ohs

equation (B5), and therefore H will satisfy B5 as well. The weights Ck(B) will be determined by the
boundary conditions.

We seek a particular solution in the form

(B.9) PW) = @+ Zi@Xi + Zij @iXiX;
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which satisfiesthe partia differential equation (8).

The solution istedious but straightforward. For example, when N = 2, the coefficients satisfy

(B.10) ® = AW Z01” + 201 W2 p120102 + W2 “02)/T
@ = 2M(Wy 01 + W2 pro102)/(a - 1)
@ = 2A(W2 07° + W1 p120102)/ (2 - 1)
Gu = Ao1 /(0 + 224 - 1)
Pr2 = -Ap120102/ (2 + &4 + & - 1)
P2 = A2/ (O + 282 - 1)

The solution to the p.d.e. (8) is the sum of the homogeneous solution and the particular solution, with the
coefficients of the homogeneous solution chosen to fit the boundary conditions.

APPENDIX C

C(1). Tracking Error of Periodic Rebalancing

Consider the expected net present value of tracking error in the single risky asset case, where 3
denotes the rebalancing strategy:

(C1)

L= EL [ ((7)-w Yo?dr|Z ]

Assume that the program commences at w(t) =w', and rebalancingtow occurs at times
{t+6&t t+26t ...}. &t (measured in years) isthe rebalancing interval. It follows that

(C2
t+a

L(t)= o*(E[ J’ e T (w(t) - w )’dT +

t+24&

J' & (w(t) - w )Zdr+ Lwt)=w wt+ &)= w .. ])

T=t+&



From time homogeneity, we may write (C2) as

t+dt

L(t) = o*{ E[ J’e‘r("t) (W(T) —wW¥)?dr | w(t) = w] +

t+a

(C3) e E| Ie‘r("‘)(w(r) —wW*)2dr | w(t) = wt] +

t+&

e [ J’e'r"'t) (W(T) —wW¥)2dr | w(t) = w] +..}

or using the formulafor the sum of an infinite series,

o? (E[H[éte'r”'t) (W(T) —w*)2d7 [ w(t) = w*])
L(t) = Tt

1-e™)

From (3), w(t - t)/w’ islognormal with mean €™ and variance €*™9(e¥™ - 1). Therefore

t+&

(C4) Z=E Ie‘r““)(w(r) —wW)2dr | w(t) = w¥]

— W*2 ( J’e—r(r—t) (e(2a+Q)(r—t) _ 2ea(r—t) + 1)dT)
=t

:W*Z(E(l_ehﬂ)_i

. (- +%(1—e'“*)

where
hy=a-r;, h,=2a+Q-r.

Substituting thisinto (C3) gives

(C5) L(t) = o2w*? ( )Z

1_ e—l‘d
C(2). Trading Required for Periodic Rebalancing

Trading will occur at the epd of each rebalancing period, i.e. a t + &t, t + 23t, etc., and will restore the
risky asset proportion tow . The expected cost of trading (normalized by wealth W) at the end of each



period will equal ET = kE[jw(t + &t) - W, the expected absolute value of the change in w over the
rebalancing period times the cost of trading k. The present value of the first period trading will be eET,
and the capitalized value of the trading cost will be T = €ET/(1 - €*). Annualized trading cost will be
IT.

Thus we must derive the expected absolute move of w(t) - w* at the end of the rebalancing period at. It
can be shown that®

(C6)  Eflw(t+3t)-w'll =w (N(z1) - N(z2) + €*(N(22) - N(-z2))),

where N(« ') is the cumulative uniform normal distribution, and

z (a- .5Q)at/(Qat)

7+ Q)2

2

The discounted expected trading costs T of rebalancing at intervals 8t is therefore

(C7) T =ke™ (W (N(-z0) - N(z2) + €¥(N(z2) - N(-22)))/(1 - €),

and the expected annualized (one-way) turnover is given by

(C8 Turnover =rT/k.

?® The author thanks Peter DeMarzo and Hui Ou-Y ang for this resuilt.



APPENDIX D: CALCULATING THE QUASI-OPTIMAL BOUNDARY GIVEN JA(x; B)

Given the function JA(x; B), the algorithm works as follows. For a given (arbitrarily small) step size y,
consider the vector of values M; = (-ki, -Ki+yi, -ki+2y,..., +ki), 1=1,...,N.
Define the product space

N

1%]
and let m denote an arbitrary pointin M . Theith component (i # j) of the vector m_j will be denoted

m; ;. Now choose an arbitrary j, 1 <j < N. Solve the following equations for x:

(Dl) JAJ' (X; B) = kj

JAi(X; B):mi,.j, i=1,..,N, |¢]
As JA isstrictly convex for x, there will be a unique solution x = w(k;, m.;) for each possible
mje M. Therewill be another unique solution w(-kj, m) when JA; (x; B) = -k;. The boundary set 3
will then be given by
B = {W[3 = W(ikj ) m.j)lm.j eM - ,j = 1,...,N}.

Note that for all w® ¢ B, the conditions

(D.2) YA (WP B)| < ki, i=1,..,N
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will be satisfied, with equality holding for at least onei. Also note that as the steps {y: } become small,
the relative number of points w® in B for which (D.2) holds with equality for i = j will become equally
small. In the limit, amost surely conditions (D.2) will hold with strict inequality for i # j. From
Appendix A, thisin turn implies that only asset j will be traded in moving to the boundary. We conclude
that once we are inside or on the boundary, the quasi-optimal trading strategy will almost surely require
trading no more than one risky asset a any moment. Which asset is traded will vary stochagtically

through time.

The second technique for determining the boundary replaces equations (D.1) with

(D.3) JA; (x; B) =0,

JAi(X; B):mi,.j, i:]., vy N, I;tj

There will be two values of x satisfying (D.3) for each point m;, corresponding to opposite sides of the
no-trade boundary. The solution set [3* = {w¥} satisfying (D.3) for all {i, j} will be dightly different than
the solution set B = {wP} satisfying (D.1) except at the points B. However, examples show that the
"patched in" boundaries will be virtualy identical. Conditions (D.3) are used to determine the no-trade

boundary in our examples.
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FIGURE IA:
Error (JAL — kI Along Segment XY
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FIGURE 18:
Error (JAZ + k2) Along Segment ZY
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FIGURE 2A:
Error (JAL — k1) Along Serment XY
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FIGURE 2B:
Error (FAZ + k2) Along Segment ZY
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FIGURE ZA(1Y:
Error (JAT — k1} Along Scgmeni XY
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| FIGURE 2B(1):
Error (JA2 + k2) Along Segment ZY
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