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Abstract

We develop a model of informed finance that explains the keyitgtive and quantitative features of
informed venture capital finance in the United States. Wevghat the two key features of our model—
potential investors are better judges than entreprenduaispooject’s economic viability and projects
require both significant external funding and entrepreiaéimputs—give rise to under-financing with
equity and over-financing with debt. We then take the mod#iéadata. Using only four model param-
eters we match: (1) the venture capitalist’s equity sh&kthle venture capitalist’s expected return and
(3) its standard deviation; (4) the probability that a pepjeceives funding; and (5) the probability the
venture capitalist loses money on an investment. Our etguinaarameters reveal the average quality
of an unfunded project; the percentage of uncertainty vesioby the venture capitalists investigation;
the percentage of total surplus accruing to the venturealegtj and the magnitude of underfinancing
associated with venture capital finance.
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1 Introduction

The objective of this paper is to develop a theoretical model of entrepri@hénance that can be taken
to the data to explain quantitatively the key empirical regularities of informeddmaOur model is based
on two well-established facts about venture capital finance. First, \eenayitalists are better judges than
entrepreneurs of a project’s economic viability (see Garmaise [12] edacbnces thereirt) Second, startup
projects require significant entrepreneurial capital from foundedskay personnel. This entrepreneurial
capital includes the “market value” of patents and product ideas, marsapital, under-compensated and

extensive time inputs (sweat equity), reputation, connections and expertis

We derive the qualitative and quantitative implications of these two facts. Wlesfiow theoretically
that informed equity gives rise to under-financing. When we take the modaketdata we find strong
guantitative evidence of under-financing. This under-financing igd&keyplaining venture capitalists’ large
risk-adjusted excess returns, the low probability of funding, and to mag¢hatypical equity share that a
venture capitalist receives. We further find that intrinsic project rigsktae quality of a venture capitalist’s
investigations can reconcile the high volatility of VC returns and the high fibtyathat funded projects

lose money.

We then document that it is the economics of the theoretical model that dhigesxcellent fit with
the data. This allows us to use the model to back out predictions for featixemture capital projects
that would otherwise be impossible to obtain, for example, providing insightsvimggprojects that receive

venture capital finance would not be candidates for debt finance.

Our theoretical model considers an entrepreneur who has a projecetfuéres external capital. The
entrepreneur understands that an informed financier serves twolksy First, the financier provides the
required capital. Second, the financier investigates and filters entegpi@rprojects. Following an inves-
tigation, a financier will fund projects that seem promising and discard tvbese prospects seem poor.
Entrepreneurs recognize that while they may have potentially valuabletiorsnthey may not be good
judges of implementability or market value. This reflects that in practice, mtgpganeurs are associated
with only a few projects. In contrast, venture capitalists have extensiwstrnydexperience. Their special-
ized knowledge permits venture capitalists to distinguish winners from Idsens\( Liang and Prowse [10]):
venture capitalists scrutinize serious projects intensively (Fried and Hi{drlg, Garmaise [12], and Kaplan

and Stromberg [17]), and reject about 90 percent of those that thegtigate seriously.

Consider what happens if equity finance is pursued. At a minimum, for @neenapitalist to provide

funding, his share of the project’s expected payoff conditional on kissiigation must cover his opportu-

Iventure capitalists also identify appropriate marketing strategies and keyrpe! (Byers [5], Bygrave and Timmons [6],
Gorman and Sahlman [13], Helmann and Puri [14], and Sapienin [24



nity cost of capital. The entrepreneur understands this when negotiatiqpgdbpective equity terms. As a
result, to increase his chances of funding, the entrepreneur willinglyscad equity share that generates a
significant excess return for the venture capitalist. That is, the equitg share than covers the opportunity

cost of the venture capitalist’s investments plus his investigation costs.

To understand the source of under-financing, recognize that arearapitalist expects the payoffs from
the marginal funded project to just cover his opportunity cost of capigthoring investigation costs, a
venture capitalist therefore expects to make money on all better projeatsestigation costs are not too
high and the proposed equity terms do not give the venture capitalist asseseturn, then it necessarily
follows that the marginal project funded must be close to the median projedéfl. The marginal project
must therefore be very good, implying that many positive NPV projects @anded. Recognizing this,
entrepreneurs negotiate equity terms that trade off between raising trebpity of getting funded against

ceding too much on very good projects.

To investigate the quantitative implications, we then estimate our model paranidterdata pin down
five endogenous variables of the model: the venture capitalist's equity 642%0); the venture capitalist’s
expected excess return (28%) and its standard deviation (120%); dbaljity that a project receives
funding (10%); and the probability the venture capitalist loses money onvastment (41%). There are
four exogenous variables for which reliable data are not available htire ®f inputs that is entrepreneurial
capital, the mean and variance of the ex-ante project payoff and thifrat uncertainty resolved through
a venture capitalist’s investigation. We estimate these four parameters by minithigiddgference between
the predicted and empirical values of the exogenous parameters. @@sfonated exogenous parameters
do an astonishingly good job of matching the five endogenous variablesf thle predicted values differ

by less than one percent from their empirical counterparts. To emphheirature of the fit:

e The model and its predictions are robust. Accounting for the fact thatrtiprieal moments that
we seek to match, are themselves noisy estimates, we calculate 95% confidenads for each
primitive parameter. We find that these intervals are tight compared to the ”20P4r&at we allow for

in the empirical moments.

e We document that our estimates of the primitive parameters of venture captat & make significant

economic sense.

e Conversely, it is typically impossible to match five moments closely with only fousrpaters and

we show that the model would fit far less well if the empirical values werg different.

The stability of our estimates is perhaps even more important than the direthdour theoretical

model robustly explains the empirical characteristics of venture capitadearhis stability implies that
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we can use the model to obtain predictions about characteristics of veapital projects that are otherwise
impossible to obtain. For example, we can quantify the under-financingiag=sbwith venture capital: our
primitive parameter estimates imply that only 40% of all projects with positive ¢gdedPVs following

a venture capitalist’s are funded. We find that while 57% of all projecte In@gative NPVs, the venture
capitalist’s filtering reduces this number to 36% for funded projects. By eltmigpékely losers, a venture
capitalist's investigation dramatically raises the expected project returnfrbrée to 64%, even though the
standard deviation of the project’s payoff is almost unaffected. Onealsanuse our estimates to measure
the percentage of ex-ante project surplus (i.e., accounting for the @stegestigating both funded and
unfunded projects) that accrues to the venture capitalist. For redsanabstigation costs, the venture

capitalist's share of the surplus is about 20%, which, because it is @atgs quite a large number.

Finally, our model can reconcile why projects receiving venture capitahfie are poor candidates for
debt finance. If debt were used instead of equity, the investor woulceneive the upside gains when the
project is very successful, but the investor would incur downside $ossen the project fails. We find that
just to break even, a lender would have to charge interest rates @xg&8d6, and face default probabilities
exceeding 35%. Even ignoring bankruptcy costs, given institutionatcaints on standard lenders, debt

finance is infeasible for such risky projects.

1.1 Related Literature

This paper provides the first quantitative model of venture capital fsalds related in spirit to a grow-
ing literature that develops models that investigate the quantitative impacts rofMireg constraints on
entrepreneurship and firm dynamics (Evans and Jovanovic [9],ripu§2B], Hopenhayn and Vereshchag-
ina [16], Michelacci and Quadrini [22], Herranz, Krasa and Villam8]1Buera [4]).

To develop a model that can be taken to the data, we restrict financingeshoieither debt or equity,
rather than specify all primitive frictions and characterize the fine detaileeobptimal contract. Intro-
ducing frictions such as moral hazard or adverse selection to fill in thetsélsiraises the number of free
parameters, making it difficult to ascertain the model’s explanatory powen wie take it to the data. More
fundamentally, one must also be able to find empirical counterparts to thdiietsal model parameters. Fi-
nally, the fact that our empirical analysis indicates that linear equity cdateaplain the data well suggests

that the limited non-linearities in real world venture capital contracts arecofkary importance.

Other models of entrepreneurial finance that model the fact that a eerdpitalist can become better

2In our simple model, an optimal contract would be a franchise contrashioh the financier pays the entrepreneur a fixed
wage and is a residual claimant. This contract does not work in prac@aibke it does not provide the entrepreneur the incentives
to behave responsibly. But introducing moral hazard and advelesgisa to the theoretical model generates additional parameters
that are impossible to identify in the data.



informed than the entrepreneur include Biais and Perotti [3], Ambec aiteMi0[1], Ueda [25], Bernhardt
and Krasa [2] and Garmaise [12]). In the first three papers, the neenapitalists can better assess and
implement a project, but the entrepreneur has to worry about stealingdieg on his idea/information. In
contrast, in Bernhardt and Krasa, it is the informed financier (the 8xpho is concerned about free-riding

by uninformed potential investors.

2 TheModd

Consider a potential entrepreneur with a project. The project requitgsts of entrepreneurial capital and
1 — w units of external finance to generate output Y, whereX andY are independent random variables.
Without loss of generality, we normali2¢é to have mean zero. We denote realizationsXafnd Y by x
andy, respectively. We assume thAtis distributed according to the densif(x) andY is distributed
according to the density(y). The associated cdfs aFgx) andG(y). We assume that both(x) andg(y)
are strictly positive on their (possibly unbounded) supports. At a dosto 0, a financier can investigate
the project and learn the realizatiarof X, thereby reducing the uncertainty about the project’s payoff to
X + Y. We assume that there are realizati@pgndx, with f(x;), f(Xx2) > O such thaik; > 1+r; > X»,
wherer; is the risk-adjusted required expected rate of return for the ventuitalists funds. This condition
ensures that post-investigation some, but not all, projects have posRVe.N his is a necessary condition
for investigation to have value. The opportunity cost to the financier oktimg(1 — w) in the project is

(L+1)(L— w).

If the project is not funded, the entrepreneur receives a paydfftbanormalize to zero. If the project
is funded, the entrepreneur incurs an opportunity cosgLef r;)w for providing entrepreneurial capitél.
If the entrepreneur pursues his project, he can finance it with eithéodeguity. With debt finance, the
entrepreneur proposes the interest rand with equity finance, the entrepreneur proposes the equity share
k that the financier would receive. If a debt contract with interestrrédaised, the financier is a lender who
receives mifix + vy, (1+r)(1—w)}, while the entrepreneur receives- y —min{x +vy, (1+r)(1—w)}. If,
instead, an equity contract with shdrés used, the financier is a venture capitalist who recdigst y),

while the entrepreneur receiv€s— k) (X + ).

Ifinformed finance is pursued, the terms must provide the financier ameypayoff of at leadi > 0 net
of information acquisition costs. We introdugeo capture the possibility that the financier has some market
power and can extract rents. Whan= 0, financial markets are perfectly competitive—the entrepreneur

can play off potential investors against each other—in which case onlfynidngcier’s opportunity cost of

3For simplicity, we assume that the entrepreneur and financier shammmam discount factor. Qualitatively, none of our
findings depend on this assumption.



capital and investigation costs need be covered.

If the project is financed then these proposed terms or “term sheetsirile¢ethe funding conditions.
This assumption captures standard industry practice (see Kaplan antb8tgo[17]). The term sheet is a
summary of the terms and conditions that will apply if the venture capitalist anejpganeur consummate
their agreement. Obviously, funding is contingent on a positive projedtation by the venture capitalist

following his thorough investigation.
Timing of Decisions.

t=1 If the entrepreneur seeks finance then he proposes either a delactarith interest rate or an equity

contract with sharé.
t=2 If finance is sought, the financier decides whether or not to investigapeaject.

t=3 If the financier investigates the projecttat= 2, at the cost he learns the realizatiox of X. The

financier then decides whether to accept or reject the funding termeg@dby the entrepreneur.

t=4 If the project is funded, payoffs are realized and payments madediegdp the contract set at date
one. If the project is not funded following an investigation, the entregares payoff is zero, and the

financier’s payoff is—c.

3 Equity Finance

Suppose that the entrepreneur proposes equity terms that make it witetfavhthe venture capitalist to
investigate. Then, given a proposed sHarie venture capitalist extends finance if and only if his expected

payoff after learning« exceeds his opportunity cost of providing funds, i.e.,
Elk(X+Y)] = (1+r1)(1—w).

Thus, funding is extended if and onlyxf> xg, where

_A+rna-w

> ®

E

The entrepreneur understands that the sk&eoffers the venture capitalist affeats, and hence the set of
projects that the venture capitalist would fund. The entrepreneur atierstands that the venture capitalist
only investigates if it is in the venture capitalist’s interest to do so. Thergefbtee entrepreneur seeks

venture capital finance, the proposed equity share solves the folloyptimgipation problem.



Problem 1
max P((X = xe}) (E[L — k(X + )X = xe] = w(d+17)).
ke[0,1]

subject to
PUX > XeDEK(X+Y) = (1+r)(L—w)[X > Xg] — ¢ > 0; (2

PUX = XxeDEK(X+Y) = QA +r)A-w)[X =Xxg]l —c= EK(X+Y) =1 +r)A-w)]. (3)

The objective is the entrepreneur’s ex-ante expected payoff froivea gharek. Funding is offered with
probability P({X > xg}), andE[(1 - K)(X +Y)|X > xg] —w(1+T;) is the entrepreneur’s expected payoff
from a funded project. Constraint (2) says that the venture capitalggtisyesharek must provide him a net
expected payoff of at least Constraint (3) says that it is in the venture capitalist’s interest to investigate
the project: the left-hand-side is his payoff from investigating, while thettigind-side is his payoff from

funding a project without an investigation.

We now show that under innocuous conditions, equity finance givesaigader-financing. That is,
the venture capitalist will not fund some projects that have a positive magoal value. To increase
the chance of funding, the entrepreneur willingly proposes to give thieirecapitalist an equity share that

generates a strictly positive return in excess of the venture capitalistisedqeturn.

Proposition 1 If c and G are not too large then constraints (2) and (3) of Problem 1 do not birtithere

is under-financing i.e.,x> 1 +r;.

The proof details the precise boundsmandc + U for the constraints to be slack, so that the venture capi-
talist's ex-ante expected profit strictly exceed€ecause the entrepreneur proposes the contract terms, one
might expect that the entrepreneur would select a share that givesnhge capitalist only the minimum
required returnii. Proposition 1 shows that this is not the case. To understand why,nigedaat from

the point of view of the venture capitalist, the equity contract is a call option stitke pricexg that he
buys at a price equal to his investigation cast,This is because the venture capitalist provides funding if
and only ifx > xg. The payoff of the option is always strictly positive.dfandt are small, then for the
venture capitalist not to receive a profit in excessipthe strike pricexe must be close to the maximal
project realization, which means that the option is almost never exercisglieiRhan have a tiny chance of
funding, the entrepreneur willingly cedes a larger share to the ventpitalést, raisingk above the venture
capitalist's break-even point. This lowers the strike prigewhich increases the entrepreneur’s probability
of being funded. However, increasikalso transfers more surplus to the venture capitalist, particularly for

outstanding projects. The optimal share trades off between these twisfacto



To understand why under-investment occurs, note that it is sociallyesitfito fund any project with an
expected return of at leagt + r;). But as long as the constraints do not bind, the entrepreneur never give
up all of the surplus, so that his return strictly exceed4 + r;). The financier only funds a project if he
expects a payoff that covers the opportunity cost of his fuddds w)(1 + r;). Adding, it follows that the

expected payoff on the marginal project strictly exce@dsr;), which implies that there is under-financing.

Indeed, under-financing typically resuksenif ¢ + 0 is large enough that the constraints bind. In
particular, the financier breaks even on the marginal project grossstéa; while the minimum-payment
constraint 2 that determinésreflects an average over all projects better than the marginal projectngs lo
asc + u is not inordinately large, the entrepreneur’s equity shareklexceeds the entrepreneurial capital
investmenty. As a result, the marginal project has a strictly positive NPV. Our empirieiais will reveal

that for relevant parameterizations both constraints of Problem 1 ake slac

4 Debt Finance

Now suppose that the entrepreneur proposes debt finance terms #witmarthwhile for a lender to
investigate the project. As with informed equity, the lender offers funditey &farning realization if and
only if he expects to cover his opportunity cost of fundstr;) (1 — w). Formally, a lender extends funding

if and only if X > Xp, wherexp solves
E[min{xp +Y, 1+ 1A -w)}l = A+r)d—w). 4)
The interest rate,, offered by the entrepreneur therefore solves the following optimizatiololgm:
Problem 2
maxP((X = xD})(E[X LY —min{X+Y,1+r)1—-w)) ) X > xD] —w(l+ ri)>
subject to
P(X = XoDE[min{X +Y, A+ DA - w)} - A+r)A-w) | Xz x| —c= & (5)

P((X = XpDE[min(X +Y, 1+ 1)L = w)} = A+1)A—w) | X = xo| ~ ¢

(6)

> E[min{X FY. A+ —w)) — L +r)d— w)].

The objective is the entrepreneur’s ex-ante expected payoff frauea oterest rate. The interest rate has
two effects on the entrepreneur’s payoff. The interest rate diredidgtafthe amount of money, niix+

Y, (1+r)(1—w)}, that the entrepreneur must repay. The interest rate also indirecttysgff@yoffs through

its impact on the marginal-project funded,, and hence on the funding probabili§({X > xp}).
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Constraints (5) and (6) are analogues of constraints (2) and (3) lgondl. Constraint (5) ensures that
the informed lender’s expected payoff net of his investigation cisat leasti. Constraint (6) ensures that

it is optimal for the lender to investigate the project.

We now provide conditions under which debt gives rise to over-fingndihat is, with debt, an informed
lender extends funding to negative NPV projects. While the lender exjpetser his capital costs on these
projects, the founders and key personnel do not expect to coverettiteepreneurial capital investment

(1+ rj)w, and hence would prefer not to have these negative NPV projectedund

Proposition 2 Suppose that Y has suppoyt, y]. Then a sufficient condition for informed debt to give
rise to over-financing, i.e.xx< 1+rj, is that—z < w(1+r;). Inthis instance, an informed lender funds

negative NPV projects that the entrepreneur would prefer to remain uatind

To understand why debt can give rise to over-financing, suppos¢hhéender can evaluate a project
perfectly, i.e..Y = 0. Then equation (4) immediately implies theg = (L +r;)(1 — w) < (1+r;), so that
projects with payoffE[x+ Y] € [(1+1i)(1— w), (14+7r;)] are funded to the entrepreneur’s detriment—the
lender does not internalize the fact that project payoffs may only partaltypensate key personnel for
their entrepreneurial capital. As a consequence, some projects aedftimt have a negative NPV after
accounting for entrepreneurial capital. If, insteddis non-degenerate so that there is project uncertainty
that the lender cannot resolve, the lender is more cautious in his lendiisiptés¢ increasingp, reducing
over-financing. We next show that if there is over-financing, then titeepreneur selects an interest rate

that provides the lender his minimum required payoff,

Proposition 3 Suppose that informed debt gives rise to over-financing. Then if thepeatreur pursues
debt finance, he chooses the interest rate that gives the lender actexgmyoff net of his investigation

costs ofu.

The intuition is simple. Reducing both reduces the entrepreneur’s payment to the investor, and de-
creases over-financing by increasixg As a result, the entrepreneur choosess low as possible, so that
the lender receivas. We next show that increasing the intrinsic uncertainty that is not resblvadender’s

project evaluation, reduces the magnitude of over-financing.

Proposition 4 Let Y be a mean-preserving spread¥f Suppose that informed debt gives rise to over-
financing when the unresolved uncertainty is Y. Then, raising the Umegsancertainty fromY to Y

reduces over-financing (i.e., raiseg)xand raises both the entrepreneur’s payoff and the interest rate.



Due to the concavity of the debt function, the lender responds to incteasesolved uncertainty about
a project by funding fewer negative NPV projects. Because ovandimg is reduced and both parties are
risk neutral, it follows that adding mean zero uncertainty makes the enteprbetter off. If, instead, we
fix the total project uncertainty, and increase the unresolved uncertdiaty in general, the entrepreneur is
made worse off, as the lender learns less from his investigation. For éxafmg = E[X] andY contains
all project uncertainty, then investigating the project is pointless, and tinepeaneur is worse off relative

to a situation in which information about the project can be acquired.

Next, we detail how over-financing is affected by key parameters ofdbeany.

Proposition 5 Suppose that informed debt gives rise to over-financing. Then the fajjgearameter

changes reduce the quality of the marginal-funded projestand hence raise over-financing:

1. reducing the risk adjusted rate of interest, r
2. increasing the entrepreneurial capital,
3. increasing the cost of investigation, c;

4. increasing the lender’s bargaining strength,

Reducing; lowers the lender’s opportunity costs of funds, which raises the attemetss of funding any
project. As a consequence, the marginal funded project must havearietwrn, which means thag falls.
Similarly, raising entrepreneurial capital raises over-financing, because the lender does not internalize
in his funding decision. Both raising and raisingc increase the equilibrium interest rate that the lender

receives, making him more willing to fund marginal projects.

4.1 Debt versus Equity

Propositions 1 and 2 raise the following questions: when would the enteyor@refer informed debt fi-
nance, and when would venture capital finance be more attractive? @Quelljtathe answer is clear. If
there is substantial probability mass on marginally negative NPV projeet§xp, (1+r;)], then informed

debt finance gives rise to significant over-financing, making ventapéal more attractive. Analogously,
if there is substantial probability mass on projects [(1+ r;), Xg], i.e., if many projects are small posi-
tive NPV projects, then informed equity finance gives rise to significaderfinancing, which makes debt
more attractive. Finally, if projects are likely to have a positive ex-ante NiRMmvestigation costs are large

relative to the capital required for finance, then it may be optimal to punsirdanmed finance.



Lastly, we observe that our theoretical model of debt abstracts frokrbptcy and other enforcement
costs, as well as restrictions imposed on institutional lenders about theéaljaiisks (e.g., CAMEL ratings
for banks). For example, if a project is very risky, then debt finance maquire very high interest rates,
resulting in enormous default rates. In our empirical analysis, we quahgie risks for projects that are

candidates for venture capital finance.

5 Empirical Analysis
51 Overview

The core goals of this section are as follows. First, we want to underb@mdvell our model explains
the quantitative empirical regularities of venture capital finance. We then twause the estimates of
the primitive parameters of our model to gain insights into the “ex-ante” ptiegenf projects that may
be targets for venture capital. In particular, we want to derive the extewhich a venture capitalist’s
investigation (i) increases the mean of funded relative to unfunded pspjad (i) reduces uncertainty
about project payoffs; and the extent to which venture capitalists furkeprojects relative to the social
optimum. We also want to obtain measures of the surplus associated with thregpeaareurial projects, the
share accruing to venture capitalists (after accounting for investigat&is)cand to understand why these

projects receive equity rather than debt finance.

We first identify five key empirical moments of venture capital finance—tmsure capitalist’s equity
share, the mean and standard deviation of the venture capitalist’s retonméunded projects, the proba-
bility that a project is funded, and the probability that the venture capitalisslogoney. These empirical
moments are relatively insensitive to the tail propertieXandY, and hence are robust to distributional

assumption§.

The primitive specifications of the model—the distributionsandY of project payoffs together with
entrepreneurial capitat and the risk-adjusted interest rate— endogenously generate these five moments.
We identify r; from the data, leaving, Y andw to be specified. To minimize the free parameters at our
disposal, we assume thAtfollows a lognormal distribution, and a normal distribution. The assumption
that X is log-normally distributed captures both the long upper tail and the thick lowkeokthe distribution
of project payoffs; and the normality 8fimposes symmetry on the error in a venture capitalist's evaluation.
This gives us four primitive parameters to match the five endogenous empiooaents: The mean and
the standard deviatioayx of In(X);® the standard deviatiosy of Y (recall thatY has mean zero), and

entrepreneurial capitad.

4We do not have clean enough data to identify further moments robustly.
5The mean of is e“+05% and its variance ig?* 27X — 2+7% . The mediam of X is ek
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5.2 Computational Procedure

Our estimation procedure identifies the four primitive parameters that bt filata. Using theup norm
distance metric, we choose, i1, ox andoy to minimize the percentage difference between the predicted
and empirical values for the five endogenous moments. In particulan give, ox andoy we can solve
problem 1 fork. This allows us to compute the other four endogenous moments. We then soffig-th
lowing programming problem: choose, i, ox andoy to minimize the maximum difference between the
empirical moments and the moments from our model. To ensure that we identifu¢heptimum we first
identify “good” starting values by minimizing the squared-sum of differenadnich has better convergence

properties than thsup nornf

We find that at the optimized values of the primitive parameters, the percaditiegences between the

empirical moments and their predicted values are extremely small. This raisedidhérfg questions:

e Can the model fit “literally everything”, or does the model’s economic stredftive the good fit?

e Whatis the quality of our estimates of the primitive parameters characteriZirggpegneurial projects,

given that there may be substantial noise in the estimates of the empirical moments?

We document in two ways that it is the economic structure that underlies thedgt basically, note that
it is not typically possible to solve five equations with only four unknowns. alge perturb the empirical
moments away from their estimated values, and show that the model’s fit is distiessiygood. This
analysis also reveals how predicted moments are affected by changespintitezes, permitting us to

uncover the driving forces underlying our point estimates.

We then confront the possibility that there may be errors in the point estimfates@mpirical moments
and ofr; in the sources that we cite. To account for this, we assume that the trudanpioments and
ri are drawn from normal distributions with means equal to their point estimatdsstandard deviations
equal to 10% of the associated point estimates (i.e., the 95% confidencealiideapproximatelyt20%).
We then do a Monte Carlo analysis. Drawing 5,000 samples of “empirical mofreardscalculating the
primitive parameters that best fit those sampled moments, we determine the @&8&ice intervals for
each primitive parameter. Despite the wide range from which the empirical nisraem drawn, these
confidence intervals are tight. It follows that we can be confident in ount@stimates of the primitive

parameters.

6we also investigated a host of alternative starting values to ensure thabtieipre correctly identifies the global minimum.
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5.3 Description of empirical moments

We now detail how we derive the empirical moments gnftlom the data.

Mean VC Return: Ljunggvist and Richardson [19] have a data set containing the exact tiofiing
vestments and distribution of cash flows for 19 venture capital funds. ddi& set is free of the sample
selection bias that Cochrane [8] must address. Ljungqvist and Radrafohd that the risk-adjusted return
with respect to the ex-ante cost of capital is 28% for venture capitasfuFite accepted wisdom is that these
returns are hard to reconcile theoretically in a setting where venture cépitiiaot have monopoly power.
Ljunggvist and Richardson suggest that this excess return is a premiuhefilliquidity of the investment.
Here, we show that even though an entrepreneutd negotiate competitive equity terms that just cover the
venture capitalist’s opportunity cost of capital plus investigation costs, ptisnal for the entrepreneur to

give the venture capitalist such a large equity share that we match the ethpivlzserved excess return.

Standard Deviation of VC return: Cochrane [8] computes the standard deviation of the financier’s return
per unit capital invested for different financing rounds. His estimatewiata deviation for the first round
of finance, which is the appropriate measure for our model, is 120%. Tligligly higher than the standard
deviation across all rounds of funding which is 107%. Peng Chen, Baierl and Paul Kaplan [7] find a

slightly higher standard deviation over all rounds of finance of 116%.

VC’s equity share: Kaplan and Stromberg [18] have a data set with 213 investments by 14 eeaipital
firms. The data include the contractual agreements governing eachifigpangnd in which the firm partic-
ipated. In practice, the venture capitalist’s share is contingent on paafae: if the firm does well, then the
founders receive stock options that dilute the venture capitalist’s skapéan and Stromberg find a median
minimumshare of 41% for first round finance (i.e., the share the venture capitdisives when the firm
meets all performance standards), and a megiarimunmshare of 50.5% for first round finance. Because
the venture capitalist’s share is less when the firm does well, this suggesierage venture capital share
of 43-44%. Although venture capital contracts are only approximatelyrnear abstraction of a perfectly
linear contract closely mirrors the data. Reinforcing this, we find that owlehfit is insensitive to relatively

large changes ik.

Probability of Funding: There are essentially two stages of evaluation for first-stage fundingheln
first stage, the venture capitalist does a cursory (few minute) skim oflibkeaat of the business plan,
discarding the overwhelming majority. The remaining projects receive sesowtiny—and this is the
investigation that we model. Blumberg Capital (http://www.sba.gov/INV/vc10]) geHerts that “a typical

$100 million venture capital firm receives at least 1,500 business playgsae Perhaps 50 result in serious

71t is worth noting that this limited non-linearity slightly reduces the venture cligtigareturns both by lowering their claims to
the best projects and by reducing the inefficiency in funding decisiamcated with pure equity contracts.
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due diligence, and 5 ultimately will obtain funding.” Sherman McCorkle, CEQeaxhnology Venture
Corporation asserts that about 10% of all projects that are subjecestaifed investigations are funded
(http://www.abqtrib.com/archives/business00/0500¥ymp.shtml). Other informal sources also suggest
a historical rate of about 10%. This rate may have increased with the boweniare capital during the
.com phase, but our other data precede the .com era. Further, welsit@ven if we vary the probability
between 6% and 14%, the model fit is virtually unchanged, indicating that @ precise measurement is

not needed.

Risk-adjusted interest rate, ri: Ljungqgvist and Richardson [19] estimgfe = 1.12 for venture capital
funds. As the risk-free rate, they use the interest rate on 10 yeautyeates in the month the fund was
raised, which averaged 9.2% over the relevant time period, which exdsedbout 2.1% the return on 3
month T-bills. Mehra and Prescott [20] document that the equity premiumr ¢ is 6%, where ¢ is the
interest on short term treasury bills. Assuming an expected equity prenfidft over 10 year treasuries,

yields a risk-adjusted interest rate of 13.8 percent, which we use.for

Probability VC loses money: The probability the venture capitalist loses money equals the probability that
his return is less than % r;. Using Cochrane’s data set we compute the loss probability for ventpitalca
projects with a first round of finance between 1987 and 1992. Coelsrdata set extends to 2000—by using
this earlier sample we ensure that more uncertainty about project retugsolsed. 33 percent of these
firms went public with IPOs, 35 percent were acquired by another firmpet®ent went out of business
and only 13 percent remained private by the year 2000. Return dabdaisly unavailable for firms that
remain private, and they are also lacking for about half of IPOs andisitigns. For those for which we
have data, including negative and zero returns for IPOs, 16.8 getEOs lose money; 33.6% percent of
acquisitions lose money; and presumably all bankrupt firms lose moneyfinghéssue is how to evaluate
privately-held firms. These privately-held firms have been active foiramum of 7 years, so they are not
clearly lemons. If privately-held firms are as likely as acquired projectss®e tooney, then 40.6% of all
projects fail to earn the venture capitalist’s required return of 13.8 perdenis estimate of 40.6% is not

substantially affected by changesrjror by alternative ways of accounting for missing data.

5.4 Results

Inspection of Table 1 reveals that at the optimized levels of the four primitivarpeters, the model does an
astonishingly good job of matching the five key empirical moments charactesigimgre capital finance.

None of the five predicted moments differs by more than 0.6% from their emigidoaterparts.

In particular, we explain all of the venture capitalist's excess return, withaving to appeal to an illig-

8The high quality of the fit indicates that our estimates are insensitive to theckstaetric that we use.
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Table 1: Model Fit

k return stdvreturn prob fund prob loss
empirical
values 43.5% 28.0% 120.0% 10.0% 40.69
predicted
values 43.3% 28.2%  119.3% 10.0% 40.89

uidity premium, or to market power for venture capitalists, or more generallghir onarket imperfections.
That is, the entrepreneur willingly gives the venture capitalist an equitg shificient to generate substan-
tial “excess” returns. The entrepreneur does this to mitigate the sevedes-imestment problem, i.e., to
increase his chances of being funded. Even with this premium, our maettitts that venture capitalists
fail to fund about 60 percent of all projects that have positive NPVlitimnal on their investigatiof.Con-
sistent with this prediction, 81 percent of surveyed venture capitalisthé&la significant number of viable

early-stage investments go unfunded (Meyer et al. [21]).

Table 2: Estimated Exogenous Parameters of Entrepreneurial Projects

_ % uncertainty
w mediark ox oy resolved

value 0.500 0.756 0.431 1.337 27.0%

5% conf
%te(r)va [0.400,0.600 [0.687,0.819] [0.369 0.498 [1.073 1.616] [21.2%, 34.7%)]

Table 2 provides the estimates for the primitive parameters and their 95% exedidntervals. As
explained in the overview, it is important to recognize that the empirical momedts@anestimate of;
are in fact random variables derived from estimation processes.témtae confidence intervals, we draw
5,000 independent samples assuming that the empirical momentsaaedirawn from normal distributions
with standard deviations equal to 10% of the point estimates. Excep{ fdhe confidence intervals on the
primitive parameters are distinctly narrower than their counterparts forrimrieal moments. Finally,
the last column shows the percentage by which the venture capitalist sethecstandard deviation of
the ex-ante project’s payoff through his investigation—this column captheepercentage of uncertainty

resolved®

Economic Interpretation. Our estimates of the primitive parameters make significant economic sense.

Most obviously, founders and key personnel must contribute signifematrepreneurial capitat, else the

9Again we note that these predictions are not affected by the venturelistgitzost of investigatiort, as long as their “excess
returns” cover.
100f course, after the investigation, the venture capitalist will not fund mmsiects, so that the standard deviation of funded
projects differs substantially from that for ex-ante projects.
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venture capitalist would require a share that exceeds the obsenge ol Similarly, w cannot be too
large, else eithek would fall short of the observed range; or whtin the observed range together with a
small contribution - w by the venture capitalist, the venture capitalist’s return would be too high.ig;ha
(1— w)/k cannot deviate too far from 1, andshould therefore be in the range indicated by the confidence
band. It is worth noting that the width of the confidence intervakéas driven solely by the generous range
of uncertainty that we allow fdt: if we reduce the standard deviationka 5%, then the confidence interval
for w reduces td.446 .558], while confidence intervals for all other primitive parameters are affdayed
less than MD04.

We next observe that the low funding rate of 10% indicates that the unimorad expected project NPV
must be significantly negative—most projects must be losers. The negatiiva is also indicated by the
fact that even after eliminating the bottom 90% of projects, 40.6% of fundgdgis still lose money. One
might conjecture that these observations imply an extremely negative ekHantélowever, this conjecture
fails to account for the significant underfinancing of entreprenepr@ects (Meyer et al. [21])—there are
rejected projects with positive expected NPVs after a venture capitaliséstigation. It follows that the
ex-ante NPV must be negative, but not too negative. The estimate of #wetexnedian project payoff of
-25% (the mean is -19%) reflects these considerations. The especiallgdigidence interval emphasizes

the robustness of these arguments.

Finally, given the low median of the ex-ante project, in order to generate8#eeXcess return for a
venture capitalist, there must be significant uncertainty for a venture lisifstenvestigation to resolve, i.e.,
ox must be substantial. In additiosy must be large relative tex to account for the high frequency of
ex-post mistakes that the venture capitalist makes, i.e., to account for.8% 40funded projects that lose
money. Finally,oy cannot be too large, else the standard deviation of the venture capitaists would

exceed its empirical counterpart.

Sensitivity of Model Fit to Empirical Moments. We next investigate how changes in the empirical mo-
ments affect the model fit and the predicted primitive parameters of verdpialkfinance. This exercise
provides two lessons. First, it tells us which empirical moments most affect tdeliméit. Second, it tells
us how our estimates of primitive parameters are affected. This exerciséotfeeidentifies those empirical
moments for which more accurate estimates are important (i) to ascertain maate fii) to identify partic-
ular primitive parameters. We perturb the empirical moments separately, edngid0% deviations in each
direction away from their point estimates, moving them outside their confidetareals. We then solve for
the primitive parameters that provide the best fit. The last column of Tablev@&sshe maximum percentage
difference between the predicted and empirical/perturbed moments. Nogerttaaimum difference of%

indicates that at least two of the predicted moments differ from their empidcaiterparts by%.
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Table 3: Sensitivity to Varying Empirical Momenis40%

perturbed moment w mediary  ox oy model fit

prob loss: 24.4-56.8% .526—.442 .745-.769 .520-.363 .830-1.661 33.4%-22|2%
stdv: 72-168% .509-524 .756-.754 .406-.444 .833-1.855 8.1%-5.7%
return: 16.8-39.2% | .559-.475 .859-.677 .291-.546 1.192-1.452 7.4%—4.8%
prob fund: 6-14% .501-.494 .628-.856 .472-.401 1.328-1.346 .6%—.6%
k: 26.1-60.9% 715247 .712-.805 .431-.431 1.260-1.429 .6%—.6%

Table 3 the substantial changeskiand the probability of funding have minimal impacts on the model's
fit. This is reassuring on two fronts. First, our sources for the estimate @irtfbability of funding are more
informal and this result indicates the model’s fit would not be altered evea iftie value for the probability
of funding differs substantially. The table also indicates that the estimate d@nidéeng probability only
matters for identifying the ex-ante median project quality. Second, while we khatk is between 41%
and 51%, the wider variation ik that we consider suggests that abstracting from non-linearities in the
actual contract has only minimal impact on the model fit, though estimate of estiezpial capital would

of course be affected.

The model is most sensitive to possible misspecifications of the probability #naetiture capitalist
loses money: logically, the symmetry of the distributioriYaimplies that the model can never generate fail-
ure rates exceeding 50%. More surprisingly, the model cannot fit éaites that are too low: low failure
rates demand a lowy, but a lowoy results in a standard deviation of the venture capitalist’s return that is

far too low.

The model’s fit is only moderately affected by the estimated values of the mdateardard deviation of
the venture capitalist’s return, with the mean largely influencing only our estimhatedian project quality,

and the standard deviation only influencing the amount of unresolvedtaimtg.

Heterogeneity in project characteristics. The point estimates derived above describe the “typical” ven-
ture capital project. In practice, there is heterogeneity in ex-ante prdjacacteristics. For example, the
founders for some projects may provide more entrepreneurial capitafdbaders of other projects. One
would expect that the venture capitalist’s share would be smaller wheddosiprovide more inputs. Con-
sequently, one wants to understand how heterogeneity &md the other primitive parameters affect the

contract termsk, and the other moments associated with venture capital finance.

Table 4 reveals that many of the key moments of venture capital financeviatiean sensitive to het-
erogeneity in project characteristics. Most surprisingly, the interésthas only a moderate impact on the

probability of funding, and has no significant influence on all otherpatars. This insensitivity is most
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Table 4: Project Heterogeneity

perturbed variable %Ak %A return %A stdv %A prob fund %A prob loss

w: —10% to+10% | +8.8t0-9.0 -1.1lto+1.1 -1.1to+1.2 -4.5t0+4.8 0.0t0 0.0
m: —10% to+10% | +1.4t0-1.5 -82to+8.3 +0.9t0o-0.9 -32.3to+36.7 +2.0to-2|0
ox. —10% to+10% | +2.2t0-2.2 -149to+15.7 +1.2t0-1.0 -14.4t0+12.6 +3.4t0-3|
oy. —10% to+10% | 0.0t0 0.0 0.0t0 0.0 -9.3t0 +9.1 0.0t0 0.0 -2.2to+1|9
ri: —10% to+10% | -0.2to+0.2 -0.2t0o+0.2 -0.2t0+0.2 +4.3t0-4.1 0.0t0 0.0

»

surprising for the excess return, which is the gross return miinudbis result reflects the fact that the gross
return increases at the same rate a@kie to the reduction in the funding probability. Of the moments that are
affected, note first that raising the median project payoff or its upsitengal (viacx) has the anticipated
effect on the return, but also has a surprisingly strong impact on thrérfgmprobability. That is, an en-
trepreneur whose ex-ante project stands out even slightly among issqagevastly increase the probability

of getting funding. Finallyw andk move almost one-for-one with each other for the reasons that we have

already highlighted.

Model Implications. We have shown that our theoretical model robustly generates the keyiehpgu-
larities in the data. As important, the stability of our estimates of the primitive parasradteenture capital

finance means that they can be used to obtain insights into moments for whicHetisilihe to gather data.

We first compare the properties of funded and unfunded projects.p@uitive parameter estimates
imply that if a venture capitalist funded all projects, then 57.2% would hagative NPVs. The venture
capitalist's investigation lowers this number for funded projects to 36 0®y eliminating likely losers,
a venture capitalist’s investigation dramatically raises the expected projeat feom —17.0% to 63.7%.
Remarkably, the standard deviation of the project’s payoff is virtuallyfeotdd: the unconditional standard
deviation of the project’s return is 138.8%, while it is 137.6% for fundedgate’? The reason that elimi-
nating likely losers does not lower the standard deviation is that this filtering eliesthe thick bottom tail

of the lognormal distribution, leaving the long (high variance) upper tail.

We can also compute the project’s ex-ante expected surplus, givenneeabthe costs of investigation,

Total surplus is the sum of the entrepreneur’s and venture capitaligbkisu
PAX = xehE[(1 - KX —w(l+r1)[X = Xe] + P(X = Xe DE[kX — (1 —w)(X +1i)[X > Xg] — ¢,

wherexg is the cutoff for finance. Our primitive parameter estimates yield ex-anteteghsurplus of @36

for the entrepreneur, and surplus dd0D4—c for the venture capitalist. Ex-ante surplus is low simply because

llBecausel_Lw < 1, the probability a venture capitalist loses money is slightly higher than 36.0%
12The standard deviation for the venture capitalist is damped slightly beqéﬁdws& 1.
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only one project in ten is funded. To determine approximate levels of invéstigaosts, we note that a ven-
ture capitalist’s inputs to a funded project on an annual basis are abmitidn (including the value of their
time providing advice to the entrepreneur). If investigation costs are @00 per investigated project,
thenc = 0.005. For such a value af a venture capitalist expects to extract 20% of the total project surplus,
which is a large percentage for the entrepreneur to cede to venturdistpitanecdotal evidence indicates
that even though this is optimal, entrepreneurs still resent having to gise oquch, as they provide the key

idea and technical expertise, and the venture capitalist “just” provideadhey and business advice.

Our relatively low estimate of the total surplus suggests that the surpluséjested projects is likely
negative. This observation can reconcile the reluctance of ventuitalestp to investigate projects that were
rejected after serious scrutiny by other financiers, and it also indicdtgsenture capitalists only consider

projects with significant upside potential.

Finally, we consider the question of why debt finance is not pursuedeypes of projects identified
by our analysis. Using the primitive parameters describing the ex-antepmg can compute the interest
rate that a lender would have to receive just to break even. We findvraifenvestigation costs were zero,
the interest rate would have to exceed 80% and the correspondindt dafauvould exceed 35%. It follows
that with even trivial bankruptcy costs, expected default costs woularge. Bank regulation in the United
States certainly precludes banks from providing loans with such highiltedées and it is likely that such
high interest rates would not be enforced by a court. It seems cleafaherthat debt finance is feasible

only for far safer projects.

6 Conclusion

This paper is the first to develop a model of informed finance that can ba takhe data in a serious way.
We first develop the simple analytical implications of informed finance: equigsgiise to under-financing,
while debt gives rise to over-financing of safer projects becauseismb not internalize entrepreneurial
capital of key personnel in the firm. Our quantitative analysis indicatesetingity finance gives rise to
significant under-financing: venture capitalists do not fund aboueé€amt of all projects that have positive
NPVs following a venture capitalist’s investigation. To reduce this undanfimg and increase the chances
of funding, entrepreneurs willingly cede large equity shares to venapiatists. Our quantitative analysis
indicates that the excess returns that venture capitalists receive (seglist and Richardson [19]) are due

to the optimal decisions by entrepreneurs to reduce the extent of undacifig.

Our empirical analysis reveals that our model closely predicts the key stssociated with venture

capital finance in the United States. The model’'s explanatory power inditetesne must take seriously
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the model’s predictions about parameters that cannot be readily identdiadtie data. For example, our
model indicates that venture capitalists are very successful at eliminatihgtkers (projects with negative
expected NPVs). Simply by eliminating losers, venture capitalists greatly rgigeted returns of funded
projects, even though the standard deviations of funded and unfymdgtt are virtually the same. Our
empirical analysis also reveals that projects that are potential targetatof@eapital finance are too risky

for debt finance from formal lending sources.
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7 Appendix

Proof of Proposition 1. Let [X, X] be the (possibly unbounded) supportXf Let k* be the solution to
Problem 1 ignoring the constraints. bgt = (1 — w)(1+r;)/k* be the cutoff value for funding. Note that
Xg < X. Otherwise, no project is funded, and the entrepreneur’s payoéi s Because the densify(x) is

strictly positive, the definition okg immediately implies that

m:/ [k'X — A+ 1)1 — w)]dF(X) > O, 7

E
Similarly,
X

y2=/ [k*x—(1+ri)(1—w)]dF(x)—/ [K*'x — (L +r)A—w)]dF(x) > 0. 8)

%
E X

Then the constraints to Problem 1 are slack if and onty-ifd < y; andc < y».

Now suppose that the constraints are slack. Then the first-order coniditRroblem 1 is
X 1— k* 1 .
—f x dF(x) 4+ xg f (XE) [TXE - w(ki—:r')} =0, 9)
XE

X

Becausexg < X and f(x) > 0 for x € [X, X] it follows that—fx,é XxdF(x) < 0. Thus,xg f(xg) > 0 and

(9) imply
(1 —Kkxg > wld+1p). (10)

Adding equatiork*xg = (1 — w)(1+r;) to (10) yieldsxg > 1+ ri, i.e., there is under-financings

Proof of Proposition 2. If x > (1+ri)(1—w)—ythenE[min{X+Y, (1+r)(1-w)}] > (1+ri)(1-w) (since
r > ri, as the financier must recover cosfsHence xp < (1+ri)(1 - w) — y. Because-y < w(1+rj),

we getxp < 1+ 7y, i.e., there is over-financingm

Proof of Proposition 3. Suppose that constraint (5) is slack aigd< 1 + r;j. Now decrease marginally
tor’. Then equation (4) implies thag increases marginally t&f,, such thaky < 14r;. Letx € [Xp, Xp].
Then equation 4 implieE[min{x+Y, (1+r)(1—w))}] > (1+r1;)(1 - w). Because < 1+r; it follows
thatE[x + Y — min{x + Y, (1 +r)(1 — w)}] —w(@+r;) < Oforallx € [xp, Xp]. Thus, the objective
of problem 2 is increased if projects are not funded for whick [Xp, Xp]. If the interest rate is’ then
only projects withx > xp, are funded. This, and > r implies that the objective of problem 2 is strictly

increased.
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It remains to prove that constraint (6) is satisfied. Note that
E[min{x FY. A4+ —w)) — L +r)d— w)]
= P(X < xD)E[min{X FY, A+0)A—w)) = A+r)A—w)X < xD] (11)
+P(X > xD)E[min{x FY, 1+ A —w)) = A+r)A—w)X > xD]
SubtractingP ({X > xp ) E[min{X + Y, (14 r)(1—w)} — (14 r{)(1—w) | X > Xp] on both sides of (6)
and using (11) implies
—c> P(X < xD)E[min{X FY, A+ A—w))— A+ —w)X < xD]. (12)
Whenr is decreased to' thenE[min{X + Y, (1 +r)(1 — w)} — (1 +r))(1 — w)|X < xp] is decreased

Moreover,E[min{X +Y,1+r'}—A+r)l—-w)|X < X{D] < Oforall x < xp. Thus the increase ofp

to xp, further decreases the right-hand side of (12). Thus, constrairg ¢ajisfied.m

Proof of Proposition 4. By the the definition of second order stochastic dominagga(Y)] > E[u(Y)]
for any non-decreasing concave functionThus, E[min{x + Y, (L +r)(1 — w)}] > E[min{x + Y, (1 +
r)(1 — w)}]. This, and (4) implies

E[min{xp + Y, 1+ 1)1 —w)}] > 1+ 1)1 - w) (13)

From Proposition 3 we can conclude that constraint (5) must hold withligquédoen the noise is. Let

%o, andf be the cutoff value for providing finance and the interest rate, respégtivhen the noise i¥.

First, suppose thatp < xp andf > r. Then it follows immediately constraint (5) holds with a strict
inequality. Howeverfp < xp implies that there is also over-financing unferBecause of Proposition 3,

constraint (5) must therefore hold with equality, a contradiction.

Next, suppose thatp > xp andf < r. Then the left-hand side of constraint (5) strictly increases.
Hence, constraint (5) is violated, again a contradiction. Inequality (E3®tbre implies thakp < xp and
F<r.

Finally, note thatkp < xp implies that the surplus decrease because over-financing is incrézeed.

cause the financier’'s payoff does not change, the entreprempeycsf must therefore decreasm.

Proof of Proposition 5.  We first provide the proof for changes nf If there is over-financing, then
Proposition 3 implies that constraint (5) binds. The optimal valygs;), andr (r;) are therefore given by

equation (4) and constraint (5), i.e.,

00 (A4r (ri))(1—w)—X o0
/ [/ (x+y)dG(y)+/ (1+r(ri))(1—w)dG(y)] dFX) =c+ G
xp(ri) L/ —o00 (141 (1)) (L—w)—X (14)

21



and

(141 (1)) (1—w) —Xp () 0
/ (o (r) +y)dG(y) + [ L+ — w) dB(Y) = L+ — w).

—00 (I4r (i) (I—w)—xp (i)
(15)

Differentiating (14) with respect tg and using (15) yields

/ [r’(ri)(l— w)(l— G((L 411 —w)— x)) —(1- w)] dF(x) = 0,
xp(ri)
which implies

(1) = == ~— Foo) (16)

Sl = G(AL+1) (L —w) = x)1dF(X)
We can assume th&((1+r)(1 — w) — xp) > 0. Otherwise, ifG((1+r)(1 — w) — xp) = O then
(15) impliesxp = (1 +r;)(1 — w) and the result follows, i.exp increases when increases. Thus,
G(1+rN@—w) —x) <G((L+r)(L—w)—xp), for somex > xp. This, and (16) imply

1) < - 1—-F(Xp(ri)) 1

= . 17
S 1= G(A+ 1)L~ w) —xp))IdF0) 1= G(A+1)(T—w —Xp(r)) ()

Differentiating (15) with respect tg yields

(A+1)(1-w)—Xp(r)
f Xp()dG(yY) = 1-w)[1- (1-G(A+NA—w—xp(MNr'))] >0, (18)

o0

where the inequality follows from (17). Henc, (r;) > O.

We sketch the proof fow, as the key steps are qualitatively identical. Differentiating (14) with réspec

to w and using (15) yields

/ 147 1+r)A-FXp)
r'(w) = - :
L= 1= 6@+ na—w -x)]dFe
which again implies
W) > 1+r (1+r1i)(1— FXp(w))) (19)

1-w 1-G(A+r1d—w)—xpw))
Differentiating (15) with respect to yields

(4 (1=w)—xp (w)
f x5 (w) dG(y) = [(1+r)—r/(w)(1—w)][1—6((1+r)(1—w—xD(w)))—(1+ri)] (20)

9]

Substituting (19) for’(w) in (20) reveals thaxp (w) < 0.

Increasingc or U raises . The result then follows immediatelym
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